Spring 2026 EEPS1820
Homework 5, due Mar 13, 11:59PM

COVERING: Vallis Ch 4, 5, 6, 8;

1 Vallis (2019) Problem 4.4

4.4 Linearize the f-plane shallow water system about a state of rest. Suppose
that there is an initial disturbance given in the general form

1= ” T e 6 die di, (P4.2)

where # is the deviation surface height and the Fourier coefficients 77, ; are
given, and that the initial velocity is zero.

(a) Obtain the geopotential field at the completion of geostrophic adjust-
ment, and show that the deformation scale is a natural length scale in
the problem.

(b) Show that the change in total energy during the adjustment is always
less than or equal to zero. Neglect any initial divergence.

N.B. Because the problem is linear, the Fourier modes do not interact.

2 Vallis (2019) Problem 4.5

4.5 If energy conservation is one of the most basic physical laws, how can en-
ergy be lost in geostrophic adjustment?

3 Vallis (2019) Problem 4.7

4.7 In the shallow water equations show that, if the flow is approximately
geostrophically balanced, the energy at large scales is predominantly poten-
tial energy and the energy at small scales is predominantly kinetic energy.
Define precisely what large scale’ and ‘small scale’ mean in this context.

Page 1, Version Dated February 19, 2026



6 ? PROBLEM 5.2

4 Vallis (2019) Problem 4.8

4.8 In the shallow water geostrophic adjustment problem, show that at large
scales the velocity essentially adjusts to the height field, and that at small
scales the height field essentially adjusts to the velocity field. Your deriva-
tion may be detailed and mathematical, but explain the result at the end in
words and in physical terms.

5 Vallis (2019) Problem 5.1a

5.1 Do either or both:

(a) Carry through the derivation of the quasi-geostrophic system start-
ing with the anelastic equations and obtain (5.66).

In each case, state the differences between your results and the Boussinesq
result.

6 Vallis (2019) Problem 5.2

5.2 (a) The shallow water planetary geostrophic equations may be derived by
simply omitting ¢ in the equation

D{+f
TR 0 (P5.1)
by invoking a small Rossby number, so that {/f is small. We then
relate the velocity field to the height field by hydrostatic balance and
obtain:
D (f oh oh
Dt(h)_o’ fu= gay, fv—gax. (P5.2)
The assumptions of hydrostatic balance and small Rossby number
are the same as those used in deriving the quasi-geostrophic equa-
tions. Explain nevertheless how some of the assumptions used for
quasi-geostrophy are in fact different from those used for planetary-
geostrophy, and how the derivations and resulting systems differ
from each other. Use any or all of the momentum and mass conti-
nuity equations, scaling, nondimensionalization and verbal explana-
tions as needed.
(b) Explain if and how your arguments in part (a) also apply to the strati-
fied equations (using, for example, the Boussinesq equations or pres-
sure coordinates).
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7 7 PROBLEM 5.4

7 Vallis (2019) Problem 5.4

5.4 Consider a wind stress imposed by a mesoscale cyclonic storm (in the at-
mosphere) given by

7= -Ae " (yi-xj), (P5.3)
where 7* = x> + y*, and A and A are constants. Also assume constant Cori-
olis gradient § = 0 f/dy and constant ocean depth H. In the ocean, find

(a) the Ekman transport, (b) the vertical velocity wg(x, y, z) below the Ek-
man layer, (c) the northward velocity v(x, y, z) below the Ekman layer and
(d) indicate how you would find the westward velocity u(x, y, z) below the
Ekman layer.
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8 7 PROBLEM 5.5

8 Vallis (2019) Problem 5.5

5.5 Inanatmospheric Ekman layer on the f-plane let us write the momentum

equation as
1 ot
Xxu=-Vp+ ——, P5.4
f b e (P5.4)
where T = Ap,0u/dz and A is a constant eddy viscosity coefficient. An
independent formula for the stress at the ground is T = Cp,u, where C is a
constant. Let us take p, = 1, and assume that in the free atmosphere the

wind is geostrophic and zonal, with u, = Ui.

(a) Find an expression for the wind vector at the ground. Discuss the lim-
its C = 0 and C = co. Show that when C = 0 the frictionally-induced
vertical velocity at the top of the Ekman layer is zero.

(b) Find the vertically integrated horizontal mass flux caused by the
boundary layer.

(c) When the stress on the atmosphere is T, the stress on the ocean beneath
is also 7. Why? Show how this is consistent with Newton’s third law.

(d) Determine the direction and strength of the surface current, and the
mass flux in the oceanic Ekman layer, in terms of the geostrophic wind
in the atmosphere, the oceanic Ekman depth and the ratio p,/p,, where
p, is the density of the seawater. Include a figure showing the direc-
tions of the various winds and currents. How does the boundary-layer
mass flux in the ocean compare to that in the atmosphere? (Assume,
as needed, that the stress in the ocean may be parameterized with an
eddy viscosity.)

Partial solution for (a): A useful trick in Ekman layer problems is to write
the velocity as a complex number, i = u + iv and #; = u, +iv,. The
fundamental Ekman layer equation may then be written as
U .~
A =ifU, (P5.5)

where U = ii — ﬁg. The solution to this is

(P5.6)

_(l-lc-fi)z],

- fig = [@(0) — ﬁg] exp[

where d = +/2A/f and the boundary condition of finiteness at infinity
eliminates the exponentially growing solution. The boundary condition
at z = 0 is dii/dz = (C/A)u; applying this gives [1(0) — i1,] exp(in/4) =
—Cdii(0)/(v2A), from which we obtain #(0), and the rest of the solution

follows. E——
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