Fall 2019 GEOL0350-Homework 6
Based on Chapter 9 of the Notes (ODEs)

1 Separate & Conquer

Problem 8.2.1 of Boas (2006). For the following differential equation, separate variables (collect
all z,dz on one side and all y,dy on the other) and integrate to find a solution containing one
arbitrary constant. Then find the value of the constant to give a particular solution satisfying the
given boundary condition (y = 3 when z = 2).

2y =y (1)

Y
Iny=Inx+1InC,

Iny =InCuz,
y = Cu.

Where C'is an arbitrary constant. The second step is to evaluate C' such that y = 3 when x = 2,
thus

2 Guess & Check

Problem 8.5.1 of Boas (2006). Solve the following differential equation by guess-and-check method,
assuming an exponential form: y = Ae™*. This form is useful when the equation is homogeneous

with constant coefficients.

y'+y —2y=0 (2)
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3 EVALUATING THE GENERAL

d’y | dy
7oy —
a2 dr VTP
y = Ae™*,
—1+4/1
m*+m—-2=0—m= 5 +8——201,

3 Evaluating the General

Show that the general solution to the first-order, linear differential equation in (9.2) of the notes:
y = efP(x)d:p/ <Q(I)€IP(:v)d:r dl’) + CeffP(m)dz. (3)

is the same as the guess & check solution in (9.24) of the notes:

(P) & (Pus) + Ae ™' = (P,,) (1 _ e*tvv"o%?)
For the equation

V;)ut
Vol.

d
(P = Pu) + (P = Pu) = 0

The solution in (9.24) is

—t Vout —t Vout

(P) ~ (Po) + A9 = (P,) (1— )
So, let’s work on the general solution. The problem is stated as
Y+ Py=Q.
The solution is formally,
yel = /QeI dx + ¢, or

y=e?! / Qel du + ce™’, where

I:/de.

Vou
Vol.

Our problem is

d
Z{P = Pu) +

(P—"Pss) =0
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5 CHARACTERISTIC PLUS PARTICULAR

Thus,
Yy = <P - PSS>7
r =1,
_ Vour
~ Vol.’
Q =0,
‘/;)ut ‘/outt
[ pr— p—
/ Vol. dt Vol.

Thus, the solution is

Vout

y=(P—Py)=¢e" / Qe dz 4+ ce™! = cem = At

Which is the same as the solution given in (9.24).

4 Third Solution

Find the leading order differential equation, by Taylor series expansion of the radiation forcing, to
the Energy Balance Model of Section 9.2.3 for the remaining steady state solution (near Tys3 =
174.438 K). Solve this differential equation, and decide if this third steady state is a stable or
unstable steady state solution.

Evaluating the Taylor series near T3,

Ry =51.37T5Wm 2 (1+...),
—R, =51.375Wm™* (=1 — 0.02218(T — T..3)) ,
dT  —1.1395Wm 2K~}
ar c

~ TV
neg. feedback

(T — Tis3) + - ..

L1395 Wm 2K
C

T — Ty ~ ATe /7, T

This steady-state solution is stable.

5 Characteristic plus Particular

Verify that the sum of the characteristic solution (9.49) and the particular solution (9.44) constitute
a solution to the original equations for the two sliding masses (9.43).
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[ T | _ | Tp1 + L1 ] :
) prQ L2
| Tp1 ] B i Vt—D —2uS/k
Ty | | Vt—2D —3uS/k
icl _ (A w1t —|—B fzwlt) 1 + \/_ (Cezwgt —|—D fzngt) [ 1 _z\/g] ’
c2 _

oy \/73+\/_ oy — \/73—

x1=Vt—D —2uS/k + [1 + \/3] (Ae™t + Bem ™1ty 4 [1 — \/5} (C’eiw?t + De‘iw2t> ,
=Vt —2D —3uS/k — 2(Ae™"" 4+ Be ™) — 2 (Cemt + De’iw2t> :

So,

Our overall governing equations are:

dzl'l
SN (k[Vt -z — D] — k[z1 — 25 — D] — uS),
dZZL'Q
S (k[z1 — 22 — D] — puS) .
From our solutions, we have
d? . . .
d;l _ _Wl |:1 + \/_] ( zwlt + Beizwlt) _wg [1 o \/5i| (Cezwgt _’_Defzwgt) 7
d?xy 20 A dwit —iwnt 2 iwat —iwat
e 2wy (Ae™' + Be 1) + 2w; (Ce + De ) :

KVt = = D] = 208 — k [L+ V5] (A 4 Be1t) — ; [1 = V5| (Ce™ 4 Deiat),
klry —xo— D] =puS+k [3 + \/5} (Ae™' + Be ™1ty 1k [3 - \/5} (C’emt + De‘iwt) .

(k[Vt—a1 — D] — k[x1 — 5 — D] — puS) = —k [4 + 2\/3} (Ae™' + Bem ™) — k [4 - 2\/5} (C’eiw?t + De ™2

(k[z1 — 22 — D] — pS) = k [3 + \/5} (Ae™t + Be ™) + k [3 — \/3] (Cew + De—w> :

3+2‘/5(1+J5) — 4425,

3_2‘/5(1—\/5) =4 —2v/5.

These results, when assembled, prove the governing equations are satisfied by the solutions found.
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