
Spring 2020 GEOL1820
Homework 3, due Friday, March 6, 9AM

1 Vallis (2019) Problem 5.1a

We begin with the anelastic equations

Du

Dt
+ f × u = −∇φ,

∂φ

∂z
= b,

∂u

∂x
+
∂v

∂y
+

1

ρ̃

∂ρ̃w

∂z
= 0,

Db′

Dt
+ wN2 = 0

To leading order, we have

f0 × ug = −∇φ,
∇ · ug = 0,

∂ρ̃w

∂z
= 0.

And thus w is much smaller than the magnitude of ug. As in the Boussinesq case, the vertical vor-
ticity equation arrives by differentiating the horizontal momentum equations, which is (5.58)

D(ζ + f)

Dt
= −(ζ + f)

(
∂u

∂x
+
∂v

∂y

)
+

(
∂u

∂z

∂w

∂y
− ∂v

∂z

∂w

∂x

)
,

Dg(ζg + f)

Dt
=
f0
ρ̃

∂ρ̃w

∂z
.

And if we approximate the leading order buoyancy equation,

Dgb
′

Dt
+ wN2 = 0,

Dg(ζg + f)

Dt
= −f0

ρ̃

∂

∂z

(
ρ̃

N2

Dgb
′

Dt

)
= −f0

ρ̃

∂

∂z

Dg

Dt

(
ρ̃b′

N2

)
= −f0

ρ̃

Dg

Dt

∂

∂z

(
ρ̃b′

N2

)
− f0

ρ̃

∂ug

∂z
· ∇
(
ρ̃b′

N2

)
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2 ? PROBLEM 5.2

Where the middle steps come in noting that ρ̃ and N2 depend only on z, not time or horizontal
directions (by definition or to leading order, either can be justified). Note that the thermal wind
relationship makes the last term vanish, as

−f0
ρ̃

∂ug

∂z
· ∇
(
ρ̃b′

N2

)
= − f0

N2

∂ug

∂z
·
(
∇b′
)

=
f0
N2

∂ug

∂z
·
(
f0 ×

∂ug

∂z

)
= 0

Thus, combining the left and right sides of the equation before last we arrive at the anelastic QGPV
equation,

Dgq

Dt
= 0, q = ζg + f +

f 2
0

ρ̃

∂

∂z

(
ρ̃b′

N2

)
= ∇2ψ + f +

f 2
0

ρ̃

∂

∂z

(
ρ̃

N2

∂ψ

∂z

)

2 Vallis (2019) Problem 5.2

a) The key distinction between the PG and QG equations is that in addition to small Rossby
number, the QG equations also take (L/Ld)

2 ∼ 1 scaling. But, in order to keep other terms that
arise at the same order in control, the QG equations also have βy/f0 ∼ Ro and a nonzero H/H
arriving at order Ro(L/Ld)

2.
b) The continuously stratified PG system has the buoyancy equation in place of the thickness
equation, but again the (L/Ld)

2 � 1 differentiates it from the QG system where (L/Ld)
2 ∼ 1. This

makes f more variable in PG system so the ∂w/∂z term arrives at leading order in PG. In QG
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3 ? PROBLEM 5.4

the leading order geostrophic (based on f0) velocity is nondivergent. So, the game to eliminate w
arrives at a higher order equation for slight divergences, which are from: βy, ageostrophic effects
from ∂/∂t, ageostrophic effects from ζ, and the stretching term f0∂w/∂z.

3 Vallis (2019) Problem 5.4

Not yet! Next HW.
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4 ? PROBLEM 5.5

4 Vallis (2019) Problem 5.5

Not yet! Next HW.
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5 ? PROBLEM 8.3

5 Vallis (2019) Problem 8.3

The equations for the 2-level or 2-layer model (Section 5.6) are:

Dgq1
Dt

= 0, q1 = ∇2ψ1 + βy +
k2d
2

(ψ2 − ψ1) ,

Dgq2
Dt

= 0, q2 = ∇2ψ2 + βy +
k2d
2

(ψ1 − ψ2) .

For example, a basic state resembling the Eady problem arrives via ψ1 = −Uy, ψ2 = Uy. A general
plane-parallel flow yields the linearized equations

∂q′1
∂t

+ U1
∂q′1
∂x

+ v′1
∂Q1

∂y
= 0, q1 = −∂U1

∂y
+ βy +

k2d
2

(Ψ2 −Ψ1)︸ ︷︷ ︸
Q1

+∇2ψ′
1 +

k2d
2

(
ψ′
2 − ψ′

1

)︸ ︷︷ ︸
q′1

,

∂q′2
∂t

+ U2
∂q′2
∂x

+ v′2
∂Q2

∂y
= 0, q2 = −∂U2

∂y
+ βy +

k2d
2

(Ψ1 −Ψ2)︸ ︷︷ ︸
Q2

+∇2ψ′
2 +

k2d
2

(
ψ′
1 − ψ′

2

)︸ ︷︷ ︸
q′2

.

Multiplying these equations by q′1 and q′2 yields

∂

∂t

q′1
2

∂Q1

∂y

+
U1

∂Q1

∂y

∂q′1
2

∂x
+ 2v′1q

′
1 = 0,

∂

∂t

q′2
2

∂Q2

∂y

+
U2

∂Q2

∂y

∂q′2
2

∂x
+ 2v′2q

′
2 = 0.

Now, noting that

x (
v′1q

′
1 + v′2q

′
2

)
dx dy =

x

v′1
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�
�
��7

0
∂v′1
∂x
−
�
�
��7

0
∂u′1
∂y

+
k2d
2

(ψ′
2 − ψ′

1)

+ v′2


�
�
��7

0
∂v′2
∂x
−
�
�
��7

0
∂u′2
∂y

+
k2d
2

(ψ′
1 − ψ′

2)


 dx dy

=
x k2d

2

(
∂ψ′

1

∂x

[
(ψ′

2 − ψ′
1)
]

+
∂ψ′

2

∂x

[
(ψ′

1 − ψ′
2)
])

dx dy

=
x k2d

4���
���

���
��:0(

− ∂

∂x
(ψ′

1 − ψ′
2)

2

)
dx dy = 0

So,

d

dt

x
 q′12

∂Q1

∂y

+
q′2

2

∂Q2

∂y

 dx dy

 = 0
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Thus, the necessary condition for instability in the 2-level model is: Qy must change sign somewhere
in the domain, which may either be by variation of Qy in y or by having ∂Q1

∂y
and ∂Q2

∂y
be of different

sign.
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