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Upper Ocean in Climate Models
• Large-scale ocean circulation (100 - 10,000 km) => resolved

• Mesoscale variability (10 - 100 km) => resolved or parameterized

• Submesoscale variability (100 m - 10 km) => ignored

• Turbulent mixing (10 cm - 100 m) => parameterized
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Coupling? Coupling?



Ocean Mixed Layer

The mixed layer is not TOTALLY mixed.

Lateral density gradients are common.

1) What does its stratification imply?


2) How does the stratification get set?

3) Why do we care?
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Figure 1: Potential density along a straight section between (32.5N, 122W) and (35N, 132W),
i.e. between the California Current and the middle of the Subtropical Gyre, as measured by a

sawtooth SeaSoar tow. Data are averaged in bins 3 km in the horizontal by 8 m in the vertical

before contouring. Data are contoured in bins of 0.2 kg m−3. A ML of weak stratification is

evident in the upper 100 m. The ML base is marked by a region of enhanced stratification above

the permanent thermocline. The ML is characterized by lateral density gradients. The data were

collected as part of a an upper ocean study of the North Pacific (Ferrari and Rudnick 2000).

Pot’l Density measured by a Seasoar 
along a straight section from 

(32.5N, 122W) to (35N, 132W)


between the CA current 

and the subtropical gyre.


(Ferrari & Rudnick, 2000)
Ocean Interior

Mixed Layer



The Stratification Permits  
Two Types of Baroclinic Instability: 

  
Mesoscale and SubMesoscale (Boccaletti et al., 2006)
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Figure 2: Buoyancy frequency N2 =−g!z/!0 and vertical shearUz = g!x/ f!0 estimated from the
133-130◦ W SeaSoar section shown in Fig. 1. The vertical gradients are computed across 8 m,

while the horizontal gradients are computed across 10 km. The profiles are extended to the ocean

bottom by matching the SeaSoar estimates in the upper 320 m with estimates based on Levitus

climatology for the rest of the water column. Details of the calculation are given in Appendix A.
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Figure 3: Stability analysis of the mean shear shown in Fig. 2.The instability is dominated by

two distinct modes: an interior instability with wavelength close to the internal deformation radius

(approx60 km) and a mixed-layer instability (MLI) peaking at wavelength close to the ML defor-

mation radius (≈ 2 km). The interior instability has a spatial structure (upper left panel) spanning
the whole thermocline depth and represents the mesoscale restratification due to quasigeostrophic

baroclinic instability (Eady, 1949). TheMLI (upper left panel) is confined to the ML and represents

restratification due to ageostrophic instability within the ML (Stone, 1971).
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Figure 3: Stability analysis of the mean shear shown in Fig. 2.The instability is dominated by

two distinct modes: an interior instability with wavelength close to the internal deformation radius

(approx60 km) and a mixed-layer instability (MLI) peaking at wavelength close to the ML defor-

mation radius (≈ 2 km). The interior instability has a spatial structure (upper left panel) spanning
the whole thermocline depth and represents the mesoscale restratification due to quasigeostrophic

baroclinic instability (Eady, 1949). TheMLI (upper left panel) is confined to the ML and represents

restratification due to ageostrophic instability within the ML (Stone, 1971).
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Figure 3: Stability analysis of the mean shear shown in Fig. 2.The instability is dominated by

two distinct modes: an interior instability with wavelength close to the internal deformation radius

(approx60 km) and a mixed-layer instability (MLI) peaking at wavelength close to the ML defor-

mation radius (≈ 2 km). The interior instability has a spatial structure (upper left panel) spanning
the whole thermocline depth and represents the mesoscale restratification due to quasigeostrophic

baroclinic instability (Eady, 1949). TheMLI (upper left panel) is confined to the ML and represents

restratification due to ageostrophic instability within the ML (Stone, 1971).
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Mesoscale and 
SubMesoscale 

are 
Coupled 
Together: 

ML Fronts are 
formed by 
Mesoscale 
Straining. 

Submesoscale 
eddies remove 
PE from those 

fronts.



Zooming In



Observed: 
Strongest Surface Eddies= 

Spirals on the Sea?
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Figure 12: Probability density function of relative vorticity divided by Coriolis parameter. (a)

Results from the numerical simulation of a slumping horizontal density front. (z > 100 only to

exclude bottom Ekman layer.) The PDF is estimated using surface velocity measurements at day

25 (see also Fig. 11). A positive skewness appears as soon as the baroclinic instability enters in

the nonlinear stage, and it continues to grow. Note that the peak at !/ f = 0 is due to the model’s

initial resting condition; that fluid has not yet been contacted by the MLI. (b) Results from ADCP

measurements in the North Pacific. The PDF is calculated in bins of width 0.02.



Observed: 
ML Density varies in horizontal,  

only at scales larger than ML Def. Rad. 
S & T vary at all scales.

X - 10 HOSEGOOD ET AL.: SUB-MESOSCALE LATERAL DENSITY STRUCTURE
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Figure 4. a) Horizontal sections at 20 m of temperature and salinity contributions to density perturbations and the resultant density
during the N-S legs of C (left) and D (right), and the corresponding wavelet scalograms of b) density, (ρ − ρo)/ρo and c) spice, τ =
α(θ − θo) + β(S − So). Dashed black lines in the center of each scalogram indicate the resolution at each wavelength, L . The blue and
red contours correspond to gradients of 0.01 and 0.005 kg m−3, respectively, at a 10 km wavelength. The white solid line is the localized
internal Rossby radius, RoSML.

Midlatitude Pacific near Hawaii: Hosegood et al. 06



Vertical fluxes are Submesoscale

Horizontal fluxes are Mesoscale
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Figure 1: Contours of temperature at the a) surface and b) below the mixed layer base in a simulation with both
mesoscale eddies and MLEs (0.2⇥C contour intervals). Shading indicates the value at the depth where w⇤b⇤ (upper
panel) and |u⇤

Hb⇤| (lower panel) take the largest magnitude.

is simulated by a horizontal density gradient in a
flat-bottom reentrant channel 300m deep. The ini-
tial vertical stratification has a mixed layer (50 or
200m deep) with small stratification (0 < N < 16f),
which rests on a more strongly stratified interior
(N = 16f or 64f). The initial velocity may be ei-
ther resting (hereafter unbalanced) or in thermal
wind balance with the density gradient (balanced).
Many other parameters vary across the simulations,
and resolution is varied accordingly to ensure the
linear instability scales are well-resolved (details are
given in Appendix C).

If an unbalanced initial condition is used, the
mixed layer front first slumps and oscillates iner-
tially about the Rossby adjusted state (Tandon and
Garrett, 1995, hereafter TG). The oscillating state
after the initial Rossby adjustment is unstable to
MLIs, which appear at first as wavelike disturbances
along the front (Fig. 2a, 2d). Initially balanced sim-
ulations do not require Rossby adjustment, but are
similarly unstable to MLIs. The MLIs enlarge and
energize and become MLEs Fig. 2b-f. The MLIs take
about 5 days to develop to finite amplitude, but only
because the initial conditions were chosen artificially

with infinitesimal along-front perturbations. In the
real world, much larger initial perturbations would
arrive at finite amplitude quickly. The initial con-
ditions supply the only energy, and the MLEs grow
by extracting this energy–the extraction of potential
energy amounts to further slumping the front.

Fig. 3 shows the increase in balanced Richard-
son number in three simulations.1 Until day 5, the
unbalanced simulations oscillate about Rib � 1 as
described by TG, but this modest increase in Rib
is overwhelmed by the restratification that occurs
once MLEs are active. The balanced simulation is
seemingly inactive initially, as the MLIs have un-
realistically tiny initial amplitude. The MLE re-
stratification rate is largely insensitive to the pres-
ence of inertial oscillations, as the three simulations
track closely regardless of the balance of initial con-
ditions. Apparently, the gravity waves only weakly
a�ect the MLEs (see Dewar and Killworth, 1995;
Reznick et al., 2001).

1The balanced Richardson number captures the
geostrophically balanced part of the the standard defi-

nition: Rib = N2| �ūg

�z |�2 = N2f2

M4 . Typically, N2 changes

more than M2, as the initial front is wide compared to the



Vertical Buoyancy Fluxes 
at Different Resolutions 

• Comparison of vertical 
buoyancy fluxes at two 
different resolutions 

• Threefold enhancement of 
fluxes critically depends on 
presence of a mixed layer 

• The fluxes are such as to 
rapidly restratify the surface 
mixed layer

8 km resolution
2 km resolution



AESOP Observations 
of Rapid Restratification 

near Monterey Bay

                 START

~30 kt winds, 30 m
mixed layer depth

End
~10 kt winds,
stratified to
surface

                 START

~30 kt winds, 30 m
mixed layer depth

End

~10 kt winds,
stratified to
surface

After one day

Courtesy E. D’Asaro
30 kt wind 10 kt wind

• 1.5 days, 5-6 Aug 
2006 

• Mixed layer restratifies 
under weakening wind 
forcing 

• Characterized mixed 
layer evolution in 
Lagrangian (float-
following) frame.



Prototype: Mixed Layer 
Front Adjustment

Simple Adjustment Diurnal Cycle

and KPP Adjustment

Note: initial geostrophic adjustment overwhelmed by eddy restratification



Parameterization of Finite Amp. Eddies: Ingredients
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Figure 5: Typical vertical excursion scale (�z/H ⇥p
b�2/(N2H)) for initially balanced simulations where

the initial ML depth was 200m (solid), balanced simula-
tions where the ML depth was 50m (dashed), and unbal-
anced simulations where the initial ML depth was 200m
(dotted). A number of other parameters vary across the
simulations: notably, front width and initial ML strati-
fication. The value of �z/H shown is the maximum in
z, horizontally-averaged over the center of the front.

the horizontal scale of MLEs changes, but the ver-
tical scale is constrained by the mixed layer depth.
Fig. 5 shows that the typical vertical excursion scale
is a fixed proportion of the ML depth across sim-
ulations that di�er in stratification, balance, front
width, and mixed layer depth. Third, the MLE eddy
fluxes release potential energy by transferring buoy-
ancy along a surface below the mean isopycnal slope
(Fig. 6). These fixed elements will constitute the ba-
sis of the parameterization.

3. Theory for the Parameterization

Given the preceding phenomenology of MLEs and
their fluxes, an acceptable and understandable pa-
rameterization can be proposed. Examining the
slumping process in Fig. 2 leads one to consider the
circulation in Fig. 7. The vertical eddy buoyancy
fluxes are everywhere positive, and the horizon-
tal cross-channel eddy fluxes are everywhere down-
gradient and the fluxes are below the mean isopy-
cnal slope (blue arrows in Fig. 7). The primary
equations of interest are the along-channel mean
buoyancy budget, and the volume-average potential
energy budget formed by multiplying the buoyancy
equation by �z and averaging over the whole do-
main or a volume large enough that the normal ve-

Figure 6: Ratio of the horizontal to vertical eddy fluxes
scaled by isopycnal slope (⇥tr/⇥hs ⇥ �M2v�b�/N2w�b�)
for the same simulations as in Fig. 5. The value shown is
the ratio of the maximum amplitudes in z, all quantities
are horizontally-averaged over the center of the front.

Figure 7: Schematic of the ML restratification. Black
contours denote along-channel mean isopycnals. Blue
arrows denote direction of the eddy buoyancy fluxes, and
red contours indicate proposed streamfunction contours.

locities vanish at the boundary.

⇤b̄

⇤t
+ ⌃ · ūb̄ +⌃ · u�b� = D̄, (7)

dPE
dt

=
d

dt

�
�zb̄

⇥
= �⌅w̄b̄ + w�b�⇧. (8)

a. Magnitude of the Overturning

The first step in forming the parameterization is de-
termining the magnitude scaling of the vertical and
horizontal eddy buoyancy fluxes. From these scal-
ings, it will become apparent that a useful connec-
tion can be made via an overturning streamfunction.

MLEs result from baroclinic instability, which re-
leases potential energy from the mean flow. Con-
sider the potential energy extraction by exchange

Vert. Excursions

 scale with H

Eddy Fluxes 

are at nearly 

1/2 the slope
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Figure 3: Balanced Richardson number (Rib =
N2f2/M4) for a simulation starting from a thermal wind
balanced initial condition with N2f2/M4 = N2/|Uz|2 =
1 (solid), and two identical simulations except for initial
conditions. These simulations have no initial velocity
and initial mixed layer stratification of N2 = M4/f2

(dashed) or N2 = 0 (dash-dotted). N2 and M2 are av-
eraged over the center of the front.

Thus, the fastest-growing mode obeys

Ls =
2⇥

ks
=

2⇥U

|f |

⇤
1 + Ri
5/2

(4)

⇤s(ks) =
⇥

54
5

⇥
1 + Ri
|f | . (5)

For a typical mixed layer, these scales are quite
small. For the simulations shown in Fig. 2,
Ls =4.1km and ⇤s(ks) =17.7hr (using the Ri found
after Rossby adjustment).

However, the linear MLI predictions are not use-
ful scales for this parameterization. Fig. 4 compares
spectrum snapshots from the nonlinear simulation
and a linear prediction. The prediction is set equal
to the nonlinear spectrum on day 1.5, and then is
evolved using (3) with the values of Ri, f , and U
from the nonlinear simulation. For a few days, the
nonlinear spectrum grows fastest with the linear pre-
diction. Ri is changing as restratification occurs
(Fig. 3), so the fastest mode (4) is lengthening in
time–a wave-mean interaction. However, the vigor-
ous inverse cascade of energy to larger scales exceeds
this lengthening (Fig. 2 and Fig. 4): a wave-wave in-
teraction. By day 3.5, the linear power density ex-
ceeds the nonlinear near the fastest mode, while the
nonlinear spectrum ’fills out’ to longer and shorter

Figure 4: Daily power spectrum for the growing per-
turbations from the zonal mean, days 1.5 through 15.5
shown (solid) for a simulation in Fig. 2a-c and Fig. 3.
The predictions using Stone’s formula (3) are also shown
(dashed) to grow exponentially from the spectrum on
day 1.5.

MLIs. Near day 5.5, the total kinetic energy satu-
rates. That is, while the linear rate predicts con-
tinued exponential growth, the nonlinear simulation
does not (see also BFF). The longest energy contain-
ing eddies do most of the stirring of tracers. Howells
(1960) and Young (1987) estimate that the e�ective
di�usivity for stirring of tracers due to isotropic tur-
bulence at smaller scales than k is

�e(k) �

⇤

2
� ⇤

k
dk⇥k⇥�2E(k). (6)

For all reasonable turbulent spectra, the longest
energetic modes dominate this e�ective di�usivity.
Thus, �e during the period of strong restratification
will depend on the largest eddies, not the eddies
near Ls. Confusion in the literature about this e�ect
abounds because the largest energy-containing scale
and the linear instability scale in the atmospheric
are quite similar (e.g., Schneider and Walker, 2006).
For the purposes of this parameterization, however,
it is clear that the linear length scale is inappropri-
ate due to the inverse cascade, the linear time scale
is inappropriate due to saturation, and the time-
evolution of Ri prevents its use as a fixed parameter.

What are fixed elements of the restratification
useful for parameterization? First, the initially ver-
tical isopycnals slump rather than spreading out,
so changes in N2 exceeds those in M2. M2 will
be a key element of the parameterization. Second,

Finite

Amplitude

At Finite Amplitude 
Horizontal Scale Unclear



Schematic of the 
overturning



Magnitude Analysis: Vert. Fluxes

∆z ∝ H

∆y

∆z
∝

−
∂b̄
∂z

∂b̄
∂y

≈
∆PE

∆t
∝

∆z∆b

∆t

⟨wb⟩ ∝
H2

|f |

[

∂b̄

∂y

]2

−⟨wb⟩ =

∂⟨PE⟩

∂t

Extraction of potential energy by submesoscale eddies:

Buoy. diff just parcel exchange of large-scale buoy.

Flux slope scales with the buoy. slope:

Vertical scale known:

Time scale is turnover time

⟨wb⟩ ∝
∆z∆y ∂b̄

∂y

∆t
⟨wb⟩ ∝

∆z∆y ∂b̄
∂y

∆y/V
⟨wb⟩ ∝

∆zH

|f |

[

∂b̄

∂y

]2

of thermal wind:

⟨wb⟩ ∝
−∆z∆b

∆t
⟨wb⟩ ∝

−∆z
(

∆y ∂b̄
∂y

+ ∆z ∂b̄
∂z

)

∆t Fox-Kemper et al., 2007



Eddies effect a largely adiabatic transfer: 
thus representable by a streamfunction

⟨Ψ⟩ ∝
H2∇b̄ × ẑ

|f |
⟨u′

b
′⟩ ≡ ⟨Ψ⟩ × ∇b̄

For a consistently upward, 

And horizontally downgradient flux.

⟨u′

Hb′⟩ ∝
−H2 ∂b̄

∂z

|f |
∇H b̄

⟨w′b′⟩ ∝
H2

|f |
|∇b̄|2



It works for Prototype:

Closed Circles: No Diurnal

Open Circles: With Diurnal

Parameterizing SMI with Resolved Fronts

Fox-Kemper et al., (previous session) find that in the limit of strong 
rotatation, the restratifying e!ect of mature SMI is well captured by 
parameterizing a downgradient overturning streamfunction within the 
mixed layer as:
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Ce

H2

|f |
∇b̄

>2 orders of

magnitude!



Vertical Structure:  like 
<w’b’> from Eady solution.
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• Potential energy extraction occurs by ex-
changes of fluid parcels along a slope (�z/�y
is the ratio of the decorrelation lengths) that
is proportional to and less than the isopycnal
slope (�y = �C�zN2/M2, C > 1).

• The relevant timescale for extraction scales
with the time it takes for an eddy to traverse
the decorrelation length (�e = �y/V ).

• The eddy horizontal velocity scales as the mean
shear from thermal wind V ⇧M2H/f .

• The vertical excursions fill the mixed layer
�z ⇧ H (see Fig. 5).

Thus,
⇤⇤⇤

wb dV ⌅ ��PE
�t

, (21)

⇧
�z

�
�yM2 + �zN2

⇥

�y/V
,

⇧
�z

�
�yM2 + �zN2

⇥
M2H

f�y
,

⇧
�z

�
�C�zN2 + �zN2

⇥
M2H

�fC�zN2/M2
,

⇧ M4H2

f
.

A direct estimate of the value of v⇤b⇤ and thus ⇥tr

is found by assuming a flux nearly along-isopycnals
by an exchange of buoyancy by advecting fluid
parcels.

• The buoyancy exchange occurs along a slope
proportional to and less than the isopycnal
slope (�y = �C�zN2/M2, C > 1).

• Buoyancy anomalies result from exchanges of
fluid parcels (b⇤ = N2�z + M2�y).

• The eddy horizontal velocity scales as the mean
shear from thermal wind V ⇧M2H/f .

• The vertical excursions fill the mixed layer
�z ⇧ H.

These assumptions amount to

v⇤b⇤ ⇧ V (N2�z + M2�y), (22)

⇧ M2H

f
(�(C � 1)N2�z), (23)

⇧ �N2M2H2

f
. (24)

Thus, the two streamfunctions obey the same
scaling.

⇥tr = �v⇥b⇥

N2 ⇧ M2H2

f (25)

⇥hs = w⇥b⇥

M2 ⇧ M2H2

f (26)

This consistency is comforting as the assumed flux
direction (�y = �C�zN2/M2, C > 1) implies
⇥tr = C⇥hs. We will return to the implications
of ⇥tr > ⇥hs below when we discuss additional ’dif-
fusive’ corrections to the parameterization.

b. Vertical Structure

As discussed in Boccaletti et al. (2005), mixed layer
instabilities are trapped in the weak stratification of
the mixed layer, as are their fluxes. Even at finite
amplitude, so long as the mixed layer remains su⌃-
ciently less stratified than the interior, MLEs remain
trapped in the mixed layer.3

Consider the vertical structure of ⇥hs from the lin-
ear solutions to the quasi-geostrophic semi-infinite
Eady problem (Eady, 1949; Pedlosky, 1987).

⇥hs ⇧
sinh

“
�2z

H
⇤

Bu�

”
sinh

“
2(H+z)
H
⇤

Bu�

”

sinh2
“

1⇤
Bu�

” , (27)

Bu� ⇤ 4f2

�2H2N2 . (28)

Bu� is similar to a Burger number based on the
wavelength of the instability. Note that the maxi-
mum of (27) occurs at z = �H/2. For the quasi-
geostrophic Eady problem, the short-wave instabil-
ity cuto⇤ occurs at Bu� ⌅ 0.83, and the fastest
growing mode is at Bu� ⌅ 1.55. The eigenfunc-
tion of the ageostrophic instability does not have a
closed analytic representation, but the fastest grow-
ing mode is at Bu� = 1.6(1 + Ri�1) (Stone, 1971).
The long-wave limit (large Bu�) yields a quadratic.

lim
Bu�⇥⌅

⇥hs ⇧
�2z

H

2(H + z)
H

. (29)

If ⇥hs is quadratic, then uhs has constant vertical
shear in the mixed layer, and changes to N2 are
uniform with depth. This is a fair approximation
for all of the unstable modes; even at the short-wave
cuto⇤ (Bu� ⌅ 0.83), the di⇤erence between (27) and
(29) is less than 0.1. For even shorter waves, (small
Bu�), the function in (27) becomes closer and closer

3Some numerical simulations with very strong initial
fronts have enough restratification in the mixed layer that
the MLE extend into the region that was initially the interior
when there is no longer a distinction in stratification.

Eady Solution

Simplified Form:
−4z(z + H)

H2



What does it look like?

N2



Summary so far:
Ocean mixed layer isn’t totally mixed


Submesoscale vertical fluxes are 
important in setting mixed layer 
stratification


Weak mixed layer stratification makes for 
submesoscale eddies by baroclinic 
instability


Their overturning can be parameterized 

Now we turn to their impact



Where in the world are the fluxes? 
(Equiv. Vert. Heat Flux from Satellite SSHA) 

Where convection makes ML deep. 



Biological Impact?

Ocean color image 
showing submesoscale 
structure in chlorophyll 
concentration near 
Tasmania

Submesoscale variability in 
chlorophill concentration

Ocean color image 
showing submesoscale 
structure in chlorophyll 
concentration near 
Tasmania

Submesoscale variability in 
chlorophill concentration

100 km

Vert. 

velocity


of typical

submesoscale


eddies:

> 20 m/day



Where in the world are the fluxes?   

Where convection makes ML deep, which is 
where the ocean talks to the atmosphere

Those are the biggest fluxes, but 
elsewhere surface fluxes are weaker, too.

Overall, MLE estimates exceed: 

50% of monthly-mean surface flux climatology 25% of the time, 


and

5% of monthly-mean surface flux climatology 50% of the time.


(compared to Grist & Josey 2003)



Changes To Mixing Layer Depth in 
Eddy-Resolving Southern Ocean ModelBulk Mixed Layer New Mixed Layer Model 



Bulk Mixed Layer New Mixed Layer Model 
Changes To Mixing Layer Depth in 

Eddy-Resolving Southern Ocean Model



Surf. Buoy. GradientsInstantaneous Squared Mixed Layer Density 
Gradients

1/6° Resolution Southern Hemisphere “MESO” 
Simulation
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Improves Restratification after Deep Convection
Note: scaling agrees with Haine&Marshall (98) and Jones&Marshall (93,97)

Equator (f->0) and coarse resolution (up to 1 deg) are manageable



Known Deep Bias in Other Models

Courtesy I. G. Fenty

MLD from MITgcm/ECCO MLD from Obs.



Deep Bias Partly Convection, but also 
total absence of restratification, 

(GM can’t do it because of tapering)

800 W/m^2

100 W/m^2Pickart et al 02.

Fenty/MITgcm



Conclusion:
Submesoscale features, and mixed layer eddies in 
particular, exhibit large vertical fluxes of buoyancy 
that are presently ignored in climate models.


A parameterization of mixed layer eddy fluxes as an 
overturning streamfunction is proposed.  The magnitude 
comes from extraction of potential energy, and the 
vertical structure resembles the linear Eady solution.


Eddies’ main effect is restratification of ML with 
sizeable equivalent vertical heat fluxes.  Many 
observations are consistent, and model biases are 
reduced.  Biogeochemical effects are likely, as vertical 
fluxes and mixed layer depth are changed.


How to separate effects of frontogenesis??



The Parameterization:

Ψ =
CeH

2µ(z)

|f |
∇b̄ × ẑ

w′b′ =
CeH

2µ(z)

|f |
|∇b̄|2

u
′

H
b′ = −

CeH
2µ(z) ∂b̄

∂z

|f |
∇H b̄

Thus, the Streamfunction:


The horizontal fluxes are downgradient:


Vertical fluxes always upward to restratify:


Adjustments for coarse resolution and f->0 are known



Taper to SML at Equator

Ψ =
CeH

2µ(z)

|f |
∇b̄ × ẑ

Ψ =
CeH

2µ(z)
√

f2 + τ−2
∇b̄ × ẑ

Converges to Young (1994)

Subinertial ML Approx.


at equator, which is gravity 
waves interrupted by mixing
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Coarse Resolution 
Adjustment
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ification averaged over a large horizontal domain is

⌅bz
xy

⌅t
⇥ �b̄y

⌅2|�|
⌅z2

xy

⇤ �by
xy ⌅2|�|

xy

⌅z2
. (5)

2. Necessary Adjustments for a General
Circulation Model

a. E�ects of Diapycnal Mixing

Parameterizing SMI with Resolved Fronts

Fox-Kemper et al., (previous session) find that in the limit of strong 
rotatation, the restratifying e!ect of mature SMI is well captured by 
parameterizing a downgradient overturning streamfunction within the 
mixed layer as:

-H
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Figure 1: Simulated versus predicted overturning
streamfunction for simulations with diurnal cycle (open
circles) versus simulations without diurnal cycle (closed
circles).

1). Compare Di�erent Mixing/Viscosities

Parameterizing SMI with Sensible Nonrotating 
Results

• Young (1994) finds that the equilibrium velocity in a “Subinertial Mixed Layer” is:

Momentum is homogenized within the mixed layer with a timescale

This corresponds to a restratifying overturning streamfunction:

• A closure that follows Young (1994) in the limit !ML | f |<<1, but reverts to SMI in 

the strongly rotating / weakly viscous limit is: 

This is well-behaved, even when f vanishes.

Figure 2: Young (1994) scaling with mixing rate and
tapering versions to match to SMEs.

2). Compare with SML

b. Approaching the Equator

1). Taper with Subinertial Mixed-Layer Approxi-
mation

� =
CeH2M2µ(z)⇥�

f2⇥2 + 1
(6)

2). Letting Gravity Slump Fronts

c. Coarse Resolution Models

Spectrum of Horizontal Density Gradients

• Below the deformation radius, horizontal density gradients have a 
relatively white spectrum. Hence,

Spectrum of mid-Pacific Mixed Layer Density
Horizontal Variance from Seasoar Data

Slope -2

Figure 3: Observed spectrum of mixed layer buoyancy
from seasoar towed CTD profiles.

1). Scaling of Buoyancy Gradients in Data

2). Scaling of Buoyancy Gradients in a Model

3). Resolution-Dependent Parameterization

d. Implementation and Improvements

1). Time-Stepping and Discretization Works
well with any advective form in MITgcm.

Superior performance with Di⇥usive and Flux-
Limiting Schemes, likely recreates some of the hflux

2). Does Adding the Horizontal Fluxes Help?
Very di⇧cult to implement hflux, as done here, was
weakly unstable.
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a)

South-central Pacific Zonal Mean Squared Mixed Layer Density 
Gradients
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Squared Mixed Layer Density Gradients Scaled by [!x/(1/6°)]
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Figure 4: Observed spectrum of mixed layer buoyancy from seasoar towed CTD profiles.
Scaling Mixed Layer Density Gradients with 

Resolution
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1/6° Model
||!!||2 low-pass filtered to 3° 

1° Model
6x||!!||2 low-pass filtered to 3° 

Figure 5: Observed spectrum of mixed layer buoyancy from seasoar towed CTD profiles.

a)

Instantaneous Squared Mixed Layer Density 
Gradients

1/6° Resolution Southern Hemisphere “MESO” 
Simulation
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Mixed Layer Density Gradients and Mixing Layer Depth
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1/6° Model Instantaneous Mixed Layer Density Gradients
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Figure 6: Observed spectrum of mixed layer buoyancy from seasoar towed CTD profiles.
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Gradients
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Figure 6: Observed spectrum of mixed layer buoyancy from seasoar towed CTD profiles.

w′b′ =
CeH

2µ(z)

|f |
|∇b̄|2

Ce → Ce

∆x

Ld



Coupling to turbulence?

We saw little effect of KPP/diurnal on MLEs, but...



AESOP Observations 
of Rapid Restratification

                 START

~30 kt winds, 30 m
mixed layer depth

End
~10 kt winds,
stratified to
surface

                 START

~30 kt winds, 30 m
mixed layer depth

End

~10 kt winds,
stratified to
surface

After one day

Courtesy E. D’Asaro
30 kt wind 10 kt wind

• 1.5 days, 5-6 Aug 
2006 

• Mixed layer restratifies 
under weakening wind 
forcing 

• Characterized mixed 
layer evolution in 
Lagrangian (float-
following) frame.



GRF/MLE Rapid Restratification

After one day

w/o front

with front

Initial Conditions

Flierl, Fox-Kemper, Ferrari



WB With a ML WB Without a ML

Spectra



Horiz. gives leftovers (vb only).


Vert. reduces ML base density jump (mostly 
wb)

‘Diffusive’ Corrections



‘Diffusive’ Corrections

Horiz. gives difference in Streamfcts (vb 
only).




Magnitude Analysis 2: 
Horizontal Fluxes

Scaling for the Horizontal Buoyancy Flux


Growing Baroclinic Instab. Fluxes near 1/2 the slope


Vertical Scale is H


Velocity scale is thermal wind
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• Potential energy extraction occurs by ex-
changes of fluid parcels along a slope (�z/�y
is the ratio of the decorrelation lengths) that
is proportional to and less than the isopycnal
slope (�y = �C�zN2/M2, C > 1).

• The relevant timescale for extraction scales
with the time it takes for an eddy to traverse
the decorrelation length (�e = �y/V ).

• The eddy horizontal velocity scales as the mean
shear from thermal wind V ⇧M2H/f .

• The vertical excursions fill the mixed layer
�z ⇧ H (see Fig. 5).

Thus,
⇧⇧⇧

wb dV ⌅ ��PE
�t

, (21)

⇧
�z

�
�yM2 + �zN2

⇥

�y/V
,

⇧ M4H2

f
.

A direct estimate of the value of v⇤b⇤ and thus ⇥tr

is found by assuming a flux nearly along-isopycnals
by an exchange of buoyancy by advecting fluid
parcels.

• The buoyancy exchange occurs along a slope
proportional to and less than the isopycnal
slope (�y = �C�zN2/M2, C > 1).

• Buoyancy anomalies result from exchanges of
fluid parcels (b⇤ = N2�z + M2�y).

• The eddy horizontal velocity scales as the mean
shear from thermal wind V ⇧M2H/f .

• The vertical excursions fill the mixed layer
�z ⇧ H.

These assumptions amount to

v⇤b⇤ ⇧ V (N2�z + M2�y), (22)

⇧ �N2M2H2

f
. (23)

Thus, the two streamfunctions obey the same
scaling.

⇥tr = �v⇥b⇥

N2 ⇧ M2H2

f (24)

⇥hs = w⇥b⇥

M2 ⇧ M2H2

f (25)

This consistency is comforting as the assumed flux
direction (�y = �C�zN2/M2, C > 1) implies

⇥tr = C⇥hs. We will return to the implications
of ⇥tr > ⇥hs below when we discuss additional ’dif-
fusive’ corrections to the parameterization.

b. Vertical Structure

As discussed in Boccaletti et al. (2005), mixed layer
instabilities are trapped in the weak stratification of
the mixed layer, as are their fluxes. Even at finite
amplitude, so long as the mixed layer remains su⌃-
ciently less stratified than the interior, MLEs remain
trapped in the mixed layer.3

Consider the vertical structure of ⇥hs from the lin-
ear solutions to the quasi-geostrophic semi-infinite
Eady problem (Eady, 1949; Pedlosky, 1987).

⇥hs ⇧
sinh

“
�2z

H
⇤

Bu�

”
sinh

“
2(H+z)
H
⇤

Bu�

”

sinh2
“

1⇤
Bu�

” , (26)

Bu� ⇤ 4f2

�2H2N2 . (27)

Bu� is similar to a Burger number based on the
wavelength of the instability. Note that the maxi-
mum of (27) occurs at z = �H/2. For the quasi-
geostrophic Eady problem, the short-wave instabil-
ity cuto⇤ occurs at Bu� ⌅ 0.83, and the fastest
growing mode is at Bu� ⌅ 1.55. The eigenfunc-
tion of the ageostrophic instability does not have a
closed analytic representation, but the fastest grow-
ing mode is at Bu� = 1.6(1 + Ri�1) (Stone, 1971).
The long-wave limit (large Bu�) yields a quadratic.

lim
Bu�⇥⌅

⇥hs ⇧
�2z

H

2(H + z)
H

. (28)

If ⇥hs is quadratic, then uhs has constant vertical
shear in the mixed layer, and changes to N2 are
uniform with depth. This is a fair approximation
for all of the unstable modes; even at the short-wave
cuto⇤ (Bu� ⌅ 0.83), the di⇤erence between (27) and
(29) is less than 0.1. For even shorter waves, (small
Bu�), the function in (27) becomes closer and closer
to one, except at z = 0 and z = �H where it it
always zero.

The linear theory also gives a prediction for the
the horizontal fluxes and ⇥tr–they are constant in
the vertical. The ratio of the streamfunctions in
linear theory is

⇥hs

⇥tr
=

sinh
⇤

�2z
H
⇧

Bu�

⌅
sinh

⇤
2(H+z)
H
⇧

Bu�

⌅

⌃
Bu� cosh

⇤
1⇧
Bu�

⌅
sinh

⇤
1⇧
Bu�

⌅ (29)

3Some numerical simulations with very strong initial
fronts have enough restratification in the mixed layer that
the MLE extend into the region that was initially the interior
when there is no longer a distinction in stratification.



A Blumen multi-SQG model allows an 
approximate coupled run to equilibrate.

Surface Temp Bottom Temp



Fluxes due to Psi



How I got into ML Stuff



How I got into ML Stuff


