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ABSTRACT: We begin the development of a tensor-based formalism for geophysical fluid dynamics using differential geometry to express
the oceanic primitive equations in time-varying, curvilinear coordinates. We first extend the definition of the intrinsic time derivative
on tensor components to accommodate arbitrarily time-varying coordinate systems. This allows us to make rigorous the transformation
from inertial to accelerating reference frames, systematically deriving apparent forces and sorting them into two classes: the familiar
“fictitious” forces arising from rigid transformations such as rotation, and the unfamiliar “fantastical” forces arising from non-rigid,
deforming transformations. Though many coordinate choices in ocean modeling are deforming, these latter apparent forces are often
overlooked. This work and companion papers provide a unifying mathematical foundation that improves communication among ocean
modelers, permits higher-order, multi-dimensional numerical schemes, and forms a basis for the development of next-generation ocean

models and parameterizations.

SIGNIFICANCE STATEMENT: The purpose of this
work is to clarify the effects of moving coordinate systems
on ocean models. Ocean modelers often choose coordi-
nate systems that move along with the water to simplify
computation, but just as rotation introduces Coriolis and
centrifugal forces, general time-dependence in model coor-
dinates introduces apparent forces that have not been fully
described. To describe these forces rigorously, we first ex-
tend an existing method of time-differentiation to account
for the movement of coordinate systems themselves and
then apply it to the fluid velocity field to derive an entirely
general fluid momentum equation. We discuss the charac-
teristics of these forces, compare them to familiar analogs,
and classify them based on symmetry.

1. Introduction

Geophysical fluid dynamics (GFD) is a non-relativistic
branch of fluid dynamics in the Newtonian limit of gravity,
centered on the effects of stratification, rotation, and topog-
raphy. These features break the isotropy of fluid motion,
privileging flow, stirring, and mixing in certain directions
and within particular curved surfaces, for example iso-
surfaces of neutral buoyancy. Numerical models exploit
the geometry of broken symmetries with dynamically mo-
tivated choices of coordinates, such as a vertical direction
aligned with effective gravity and thus hydrostatic balance.
Such coordinate choices simplify equations and increase
computational efficiency.

Coordinate systems do not exist in nature; this is pre-
cisely what makes them so useful because they can be
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freely chosen to match the geometry of the physical prob-
lem at hand. Nature prescribes the quantities—density,
momentum, strain—that determine the state of a system,
along with the laws by which the state evolves, and these
physical quantities themselves are coordinate-free. This
freedom from coordinate dependence is what we mean
when we say that such quantities are tensor fields: all
choices of their representations—all sets of components—
correspond to the same object in nature. Technical def-
initions of tensors as transforming in certain ways under
a change of coordinates or as multilinear functions from
vectors to scalars are all constructed to ensure that we
maintain a sharp separation between the tensor itself and
our representation of that tensor’s components.

Working with tensors in generalized coordinates, we can
on the one hand choose any representation of nature that
suits our problem, and on the other hand ensure that we
are dealing with real, physical quantities that are not sim-
ply artifacts of our coordinate choice. Tensor equations
that apply under all coordinates are particularly useful in
geophysical fluid dynamics where we use space and time-
varying coordinates to capture planetary rotation, and of-
ten also choose time-varying coordinates to simplify the
dynamics of stratification.

Tensor analysis has the power to express the equa-
tions of fluid motion without approximation in as gen-
eral a coordinate system as possible. This includes famil-
iar, rigidly rotating and translating coordinate systems as
well as potentially deforming systems such as isopycnal or
terrain-following coordinates. Our first goal is to define a
component-wise time derivative § /8¢ which, when applied
to the components of a tensor 7" in some basis, provides the
components of the time derivative of the tensor d7'/dt in
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the same basis. Such an operation must permit both spatial
and temporal dependence of the coordinate bases linked
to those components. The intrinsic time derivative, dis-
cussed in Aris (1962) and Grinfeld (2013) accomplishes
this goal for spatially varying basis vectors, however, its
definition presumes that for a given location the basis is
fixed in time; this is virtually never the case in geophysical
fluid dynamics. The generalized intrinsic time derivative
introduced here extends this idea to permit time-dependent
basis vectors. It takes on its most general form in section
4h. The specific form of this derivative for contravari-
ant vector components along a material path, our equation
(82), appears in Luo and Bewley (2004) as equation (23).
We generalize the derivative to act on tensors of any order
or valence.

Changes observed in the tensor field 7" depend not only
on physical processes, but also on the observer’s path
through it, and the generalized intrinsic time derivative
captures both types of change. If the observer’s location
tracks a fluid parcel, as in the Lagrangian fluid equations,
this intrinsic derivative reduces to an intrinsic material
derivative. With this material derivative finally in hand,
we proceed to give expressions for the components of iner-
tial velocity and acceleration in all coordinate systems, in-
cluding rigidly rotating and translating but also deforming
systems. These expressions include the familiar advection
terms and “fictitious forces”—the Coriolis and centrifugal
forces—but also include other, unfamiliar apparent forces
that arise only in deforming systems. With the choice of
Lagrangian coordinates, we connect these new terms to the
convected time derivative of Oldroyd (1950) and to the Lie
derivative that is so useful in geometric mechanics (Holm
2025).

In GFD, different temporally and spatially dependent
coordinate systems, often quite complex, are chosen for
convenience in different situations. Most fundamentally,
rotating frames of reference are typically used to separate
the large velocities of planetary motion from the relative
velocities more easily measured by earthbound observers.
Similarly, deforming coordinates are often used to capture
the anisotropic flows along the most natural surfaces.

In physical oceanography, coordinate choices gener-
ally depend on the region of interest (Fox-Kemper et al.
2019): near the surface and in regions of weak stratifi-
cation, height coordinates are used; near the sea floor,
topography drives dynamics and terrain-following, or o,
coordinates are preferred; and away from the boundaries in
regions of strong stratification, isopycnal coordinates (Mc-
Dougall 1987; Young 2012) are typically chosen to capture
the undulation of density surfaces. More generally, La-
grangian coordinates (e.g., Salmon 2013) flow with a fluid
while Eulerian systems stay fixed in coordinate space as
the fluid moves through them. The Arbitrary Lagrangian-
Eulerian method (e.g., Petersen et al. 2015; Gibson et al.
2017; Megann et al. 2022) and other complex coordinates

as used in the HYCOM (Bleck 2002; Halliwell 2004) and
MOMB6 (Griffies et al. 2020) numerical models combine
these approaches, allowing the grid to flow with the fluid
for a time, and resetting before it becomes too deformed.

The choice of coordinate system bears upon the accu-
racy of numerical models. Finite machine precision can
introduce error into simulations, and an improper choice
of coordinates will exacerbate that error. For example,
is has long been known that modeling tracer transport in
height coordinates leads to the Veronis effect: if lateral
transport is calculated perpendicular to the geopotential
gradient at constant height, rather than more realistically
along surfaces of constant density, the misalignment of
these two sorts of surfaces causes spurious mixing across
density classes (Veronis 1975). The difference of roughly
eight orders of magnitude between isopycnal and diapyc-
nal mixing in the real ocean means that small errors in the
representation of isopycnal surfaces introduce significant
spurious diapycnal mixing—if even one one-millionth of
the isopycnal mixing is erroneously rotated into the diapyc-
nal direction, it will overwhelm the true diapycnal mixing.
More suitable choices of coordinates can help to avoid this
(Griffies et al. 2000, 2015; Ilicak et al. 2012).

Coordinate-free tensor formulations find application in
numerical methods modeling fluid flows for other reasons
as well. An important class of totally anti-symmetric ten-
sors, differential forms, are especially useful for integra-
tion and discretization, particularly on unstructured meshes
(Crane et al. 2013; Crane 2018), and Cotter and Thuburn
(2014) have applied these methods to the rotating shallow
water equations. Ahlander et al. (2001), meanwhile, note
that “the design of applications for scientific computing
should be based firstly upon continuous abstractions and
secondly on approximations,” and show that separating
software engineering concerns by the level of mathemat-
ical abstraction allows discretization to occur more natu-
rally at each level. The literature on the Sophus software
library details many of these discrete, tensor-based meth-
ods (Grant et al. 2000; Engg et al. 2001; Friis et al. 2001;
Haveraaen et al. 2005; Ahlander and Otto 2006; Haver-
aaen and Friis 2009; Heinzl and Schwaha 2011; Gilbert
and Vanneste 2023).

There is plenty of precedent for the application of tensor
analysis to fluid mechanics in other domains, most obvi-
ously in relativistic fluids where spacetime itself—not just
the coordinate system—is so curved as to require careful
treatment. The black hole accretion study by Hawley et al.
(1984) is exemplary. It is therefore natural to introduce
a time derivative to non-relativistic dynamics by taking
the limit v < ¢, where ¢ ~3x 108 m s~! is the speed of
light. Maddison and Marshall (2013) take this approach
to deriving the Eliassen-Palm flux tensor in time-varying
coordinates. However, this introduces a speed-of-light ve-
locity scale ¢ that is cumbersome alongside atmospheric
winds and ocean currents with mean velocities six to ten



orders of magnitude smaller. We avoid this by taking a non-
relativistic approach from the start, which has the added
benefit of grounding the problem in familiar, flat 3D space.

Putting aside relativistic physics, introductory fluids
texts (e.g., Kundu et al. 2016) often frame equations in
Cartesian tensor notation with a fixed basis {z, 7, k}. Cru-
cially for our purposes, partial derivatives of tensor com-
ponents with respect to spatial coordinates do not imme-
diately generalize to deforming, curvilinear coordinates,
but require the added algebraic structure of the covari-
ant derivative, discussed subsequently. To fully generalize
component-wise tensor computations to non-orthogonal
coordinates, components must be tracked with respect to
both a coordinate basis e; and its dual or reciprocal basis
e', which happen to coincide in Cartesian coordinates; a
considerable simplification.

This work builds on the rich history of advances in
tensor analysis in fluid mechanics. Tensor analysis for
geophysical fluids is reviewed in Griffies (2004, Chap-
ter 18) and has been applied to the Gent-McWilliams
skew flux (Griffies 1998; Dukowicz and Smith 1997) and
to thickness-weighted averaging (Young 2012). Oldroyd
(1950) employs tensor analysis to define time derivatives
for materially advected coordinates, although in quite a dif-
ferent sense than we do, and Hinch and Harlen (2021) pro-
vide relevant context for Oldroyd’s work. Grinfeld (2009)
employs tensor analysis in a fully curvilinear treatment
of thin fluid films, which Grinfeld (2013) expands into
the full calculus of moving surfaces. This latter text is
the inspiration for the extrinsic perspective on differen-
tial geometry that we assume here, and Grinfeld’s equa-
tion (16.27) for the invariant time derivative is a sort of
analog to our generalization of the intrinsic derivative,
but restricted to moving, embedded surfaces. Thiffeault
(2001) derived an abstract form for covariant time deriva-
tives DX = X + a/“bXb , varying the definition of the
connexion aab to recover Oldroyd’s convective derivative,
the corotational Jaumann derivative, and the directional
derivative. Some other choice of connexion might recover
the intrinsic derivative discussed here.

The goal of this work is three-fold. Firstly, we aim to
create a primer on the tensor analysis of Euclidean space in
curvilinear coordinates, to highlight the remarkable power
and compactness of index notation, and to provide tensor
component-based equations that can be directly translated
into model code. This approach offers high levels of both
abstraction and practicality, since any expression written
in index notation is immediately computable. Secondly,
we construct the generalized intrinsic time derivative dis-
cussed above. Finally, we use this derivative to investigate
the apparent forces that arise in the general, non-inertial,
deforming coordinate systems so common in GFD. These
apparent forces separate cleanly into two categories based
on tensor symmetries: the familiar fictitious forces aris-
ing from the rigid (translational and/or rotational) part of
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the coordinate transformation, and what we dub the fan-
tastical forces arising from the non-rigid (straining and/or
diverging) part. The intrinsic derivative and the resulting
momentum equation provide a generalized method for the
use of time-varying coordinates in three dimensions, and
generalize earlier methods that deform only in the vertical,
for example the treatment of the dia-surface velocity by
Griffies et al. (2020).

The structure of this paper is as follows: sections 2
and 3 lay out the definitions, notation, and conventions
that we employ for the tensor calculus of Euclidean space;
section 4 derives the form of the generalized intrinsic time
derivative; section 5 applies it to the momentum equation,
recovers the familiar rotating equations of motion from
the general form, discusses generalizations of the standard
apparent forces, and relates this to related work in solid
mechanics; and section 6 discusses the vorticity equation.

2. Preliminaries: definitions, notation, and conventions

This section introduces the definitions, notation, and
conventions of tensor analysis employed throughout. Prior
familiarity with tensor analysis is assumed; readers already
proficient in tensor analysis using index notation can skip
to section 4 where the GFD-specific aspects begin. For
extensive treatments of this topic, the authors favor Grin-
feld (2013), Carroll (2004), Itskov (2015), Aris (1962), and
Ogden (1984); see also Lilly et al. (2024). For brevity’s
sake, many statements found readily in the literature are
given without proof.

One of the goals of this work, and of this section specif-
ically, is to be a brief introductory reference for tensor
analysis and differential geometry as needed for fluid ap-
plications, in particular numerical modeling of the ocean
circulation in moving coordinate systems. This leads us to
make two fundamental choices: extrinsic geometry, mean-
ing that the existence of flat, three-dimensional Euclidean,
inertial space may be presumed, and explicit notation, in
which we use index-based notation for tensor analysis so
that mathematical expressions can be readily converted
into computer code for numerical calculations. Our pre-
sentation aims not only to introduce useful abstractions but
also to eschew needless ones. We occasionally refer back
to equations in their symbolic form when index notation
becomes onerous to interpret.

a. Space, coordinate systems, and basis vectors

In non-relativistic three-dimensional Euclidean space,
the setting for GFD, time is a parameter shared by all
spatial locations. A scalar field is a distribution of values
at each point in space. A vector field can be visualized as a
distribution of arrows, having magnitude and direction, at
each point in space. Scalar and vector fields respectively
are tensor fields of order zero and one. A second-order
tensor field is a linear mapping from vectors to vectors, or
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a bilinear mapping from pairs of vectors to scalars, at each
point in space. More generally, an nth order tensor field is
amultilinear function from n vectors to scalars, although in
GFD we rarely encounter tensors higher than second order.
The terms “scalar,” “vector,” and “tensor’ are understood
implicitly to refer to fields rather than single values, and
therefore always depend on space and time.

A coordinate system is a set of enumerated surfaces ex-
tending throughout space, not necessarily planar nor spa-
tially fixed in time, that can be used to specify locations
and therefore to quantify motion. These coordinate sur-
faces are indexed with a set of three numbers {xl,xz,x3}
called the coordinates. When used as the argument to a
function, the shorthand notation f(x) will be used in place
of f(x!,x?,x3), following Grinfeld (2013). The position
vector field r(x) of the coordinate system is the vector
field that at each coordinate location {xl,xz,x3} gives the
displacement vector from the origin to that location. For
notational compactness, the argument x will generally be
omitted from 7 and other tensor fields. We shall consider
x' to refer collectively to the entire set {xl,xz,x3}, and
similarly for other indexed entities.

Critically, physical laws and the tensors appearing in
them are not affected by the choice of coordinate systems.
However, the representation of tensors as sets of compo-
nents and the representation of physical laws as equations
expressed in terms of these tensor components are affected
by the choice of coordinate system. Much of the effort ex-
pended here is in deriving equations for tensor components,
because these component equations are what we actually
use for calculation in numerical models. In our experience
the distinction between tensors and their components is
frequently confounded in GFD, particularly when taking
material derivatives, which are often applied to compo-
nents alone rather than full tensors.

Differentiation of the position vector field  with respect
to each coordinate defines a set of basis vectors

e =o0r, (n

where d; = 0/0x" is a shorthand for the partial derivative
with respect to the ith coordinate. A basis vector is thus
the tangent vector to the curve traced out by the change
in position as we vary 7 one coordinate x’ at a time. The
basis vectors need not have unit length, be orthogonal to
one another, or be constant in space or time. Immediately
we see the influence of extrinsic geometry here: the vector
7 exists independent of our representation of space as a dif-
ferentiable manifold. Were we strictly intrinsic, we would
have to make the more abstract choice e; = 9; for the basis.
Singularities in the coordinate systems can be managed,
for example at extrema in non-monotonic coordinates and
at poles (see, e.g., Prusa 2018), so long as there are not
too many. So, coordinates imply a basis, and in casual
exposition we may freely refer to either.

In order to handle so many possibilities for the basis e},
a set of reciprocal basis vectors e' are defined such that

ei~ej563, 2)

o = : 3)

Unlike in Cartesian coordinates, the e; and e’ bases are
not generally orthonormal themselves. Equation (2) intro-
duces a new type of joint orthonormality.

Due to the definition in equation (1), the basis vectors
e; will shorten when coordinates are packed more tightly
— that is, they “covary” with the coordinates. The basis
vectors e’ contravary with the coordinates in just such a
way to make equation (2) hold. This justifies the names co-
variant and contravariant, and motivates the subscripting
of covariant indices and the superscripting of contravariant
indices.

Components of tensor fields also covary or contravary
with the coordinates. For those familiar with tensors in
Cartesian coordinates, but not general curvilinear coordi-
nates, the distinction between these two types of compo-
nents is a key new concept with critical implications for
deforming coordinates.

In what follows we will make use of the partial deriva-
tives of the basis and reciprocal basis vectors with respect
to the coordinates. In flat space, these can be expressed as

giel =17 ek, (4)

(9,'61' = Fkijek .
where Fkl. i the Christoffel symbol of the second kind, is
defined as

Tt = (0ie)) - €. )
Thus T'* i is the expansion coeflicient for the derivative of
the jth basis vector with respect to the ith coordinate that is
associated with the kth basis vector. One may readily show
the symmetry Fki ;= rk i from (1) and the commutativity
of partial derivatives. A readily computable expression for
the Christoffel symbols will be presented shortly.

The extrinsic approach to tensor analysis offers impor-
tant simplifications over the intrinsic approach common in
general relativity. There, definitions may reference only
the curved spacetime manifold because an extrinsic space
is not observable. With an extrinsic space, however, we can
think of basis vectors e; simply as spatially and temporally
varying arrows in physical space rather than abstractly as
differential operators in the tangent space of the spacetime
manifold. Furthermore, here the basis vectors e; and recip-
rocal basis vectors e’ are elements of the same Euclidean

vector space, whereas in general relativity the reciprocal



basis e’ must be replaced with the dual basis dx’ of dif-
ferential 1-forms in the cotangent space to the manifold.
See section 2.4 of Carroll (2004) or section 1.4 of Ogden
(1984) for further discussion.

The general, time-varying, curvilinear coordinate sys-
tem x’ captures both the rotational acceleration and de-
formation required for GFD. In addition, we introduce a
second, potentially curvilinear but rigid and inertial coor-
dinate system y“. On account of Galilean invariance we
are free to choose an absolute reference for motion that
defines this inertial coordinate system to be stationary.

A sketch is presented in Fig. 1, which also includes
notation introduced subsequently. In order to clearly dis-
tinguish between tensor components referenced to these
two systems, we adopt the convention of indexing any ob-
ject as referenced from the non-inertial, deforming setting
with the letters {7, j, k,¢,...} and from the inertial frame
with {a,b,c,d,...}. The less common choices of letters
in the latter case are intended to reflect the less common
choice of an inertial coordinate system for GFD.

Let s be the position vector field associated with the y¢
coordinate system, and .S = s — 7 be the location of origin
O of the x' coordinates with respect to the origin Oy, of
the y¢ system; see Figure 1. The y“ system has covariant
basis vectors

€y =0,48=0,47, (6)

where d, = 0/9y“, and where the latter equality follows
from the fact that S is spatially constant. Note that the ba-
sis vectors e; and e, are distinguished by their indices, as
are the partial derivatives 9; and d,, the Christoffel sym-
bols Fki i and Fcab, and so forth. While the curvilinear
coordinates in the inertial y¢ system may have complex
spatial dependence, the time derivatives of these coordi-
nates, their basis vectors, and any other quantities such as
s and Christoffel symbols are all temporally constant. In
the x’ system, the corresponding quantities may all vary in
time.

b. Index notation

The extrinsic perspective allows a vector w to be equiv-
alently represented in terms of the basis or the reciprocal
basis as

w = wiei = wiei , @)

where (2) is used to find the components as w' = w - e’ and
w; = w - €;, called the contravariant and covariant com-
ponents of w, respectively. Note that we use the Einstein
summation convention: any indices occurring in one up-
per and one lower position are understood to be summed
over, so that w'e; means Z?:l wie;. For the special case
of a Cartesian basis, the covariant and contravariant basis
vectors are identical, and consequently so are the covariant
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and contravariant components of w. In curvilinear coordi-
nates, however, the index position is essential to keep track
of which set of components is being considered.

Similarly, a second-order tensor A can be variously rep-
resented in terms of its contravariant, covariant, or mixed
components as

A=AVe;®e; =Aije‘.®ej

=Aijei®ej =A'e'®e;, (8)

where ® denotes the tensor product. Each of these expres-
sions involves a sum over nine elements, with two nested
sums over three basis vectors in each sum. As with vec-
tor components, the tensor components can be found by
projecting A onto the basis vectors, AV = e’ - (Ae’) and
so forth, again using orthogonality (2) together with the
defining property

(a®b)w=a(b-w) ®

of the tensor product (see Itskov 2015, section 1.7).

The index state of a set of tensor components—its num-
ber of indices together with their status as contravariant or
covariant—is known as its valence (e.g., Needham 2021,
§33.1). Unlike the vector components wi, the coordinates
x' are not the components of some vector field = as the
notation appears to imply; they are just the numbers spec-
ifying the location of a particular point with respect to the
chosen coordinate system. In particular, they are not the
same as the components 7' of the position vector field 7,
except in Cartesian coordinates.

We adopt the convention that the left-to-right order of
the indices in expressions such as A"/ e; ® e; must match
between the components and the basis. With this conven-
tion, it becomes unnecessary to explicitly indicate the ba-
sis vectors that accompany any tensor’s components, since
their arrangement is evident from placement of the indices
within the components. That is, the tensor component A%/
may be used to unambiguously refer to the entire tensor
Alle;®e . Consequently, one need not write the basis
vectors at all in evaluating tensor operations, just the re-
lations among components. However, by the product rule
the derivatives of tensors depend on both the derivatives of
the components and the derivatives of the basis vectors. It
follows that in order to dispense entirely with basis vectors
some special machinery for expressing derivatives in terms
of tensor components is needed, as introduced shortly.

c. Index juggling

The basis vectors and reciprocal basis vectors can be
used to define the metric coefficients

g =eie.  gi=e-e (10)

J



e.(y)

Fic. 1. A schematic showing quantities in an inertial frame (black), chosen without loss of generality to be stationary, and a general moving,
deforming coordinate system as often used in GFD (teal). Heavy solid lines indicate coordinate axes, thin solid lines are position vectors, thin
dashed lines are velocity vectors, and dashed or dotted curves are trajectories. The inertial coordinate system y% = {y!, y2,y3} has basis vectors
e, and fixed origin Oy, while the moving coordinate system x' = {x", x%, x3} has basis vectors e; and moving origin O, (¢), the path of which is
indicated by the dotted teal curve. The instantaneous displacement at some time # from the fixed origin O, to the moving origin O, (t) is given
by the vector S. Addition information on this plot is not used until later sections. Then, we will consider a parameterized path y & (), representing
the time-varying position of a fluid parcel labeled &, the position of which at #; is indicated by the small white circle. The position vectors of this
parcel relative to O, and O (¢) at time #( are s and 7 respectively, which satisfy s = r +.S. At time 7y, the fluid parcel has velocity v as observed
from the inertial y coordinate system and velocity u as observed from the moving, deforming x coordinate system. Through a combination of the
motion of Ox (#) and the internal motion and deformation of the x coordinate system, the x coordinate location occupied by the fluid parcel also
traces out a curve in space, indicated by the dashed teal curve. At time #y, the velocity of this x coordinate location as viewed from the inertial frame
is the vector V, which is necessarily tangent to the curve. Note that e; is a function of time and space, so each location in space has a potentially
different basis vector set. The velocities are related by v = uw+ V, as shown. While we have illustrated this with an individual parcel, v, w, and V
are vector fields which add in this way at each point in the fluid.

which are symmetric and are not equal to &' except in
the special case of orthonormal basis sets. With these

definitions, the contravariant and covariant components of

index raising inverts index lowering, and thus
88, =0y, (14)

= io. = el i . .. P .
the vector 1 = w"e; = ;€' can converted into one another. which traditionally defines g'/. The second of equations

This conversion proceeds as (10) follows from the first together with (14).

wigh=wel e =w-et=wle; e = Wjé} =wt an d. Tensor operations
wjgﬁ:wjej-ei:w-ei:wjej-ei:wjéf.:wi (12) ) i

When performing operations on tensors, we have the
choice of working in symbolic notation with familiar oper-
ators such as X, ®, and V, or in index notation where we
represent the impact of these operation on tensor compo-
nents. In Tables 1-3, we present translations between these

two notations for common operations and identities. See

which together establish that

ijo i J—w.
g'wji=w, 8ijw = wi.

13)

Using the metric coeflicients to convert between covariant
and contravariant components is called index raising and

lowering, index juggling, or changing valence. Note that

section 1 of Itskov (2015) or Lilly et al. (2024) for the sym-
bolic definitions of the tensor product a ® b, left operation
a A, the tensor transpose AT, and the tensor trace tr (A),



TaBLE 1. Common vector operations, written both in symbolic no-
tation and in index notation, with the basis vectors associated with the
index notation expressions shown in the final column. Here V = e'9;
denotes the familiar nabla or del operator as expressed in curvilinear
coordinates, ® denotes the tensor product, V; is the covariant derivative
acting on tensor components, and £/¥ is the Levi-Civita or alternating
tensor, all of which are defined subsequently. In later tables we will omit
the final column because the basis is implied by index placement.

Name Symbolic Index Basis
Inner product a-b a;b’ —
Cross product ‘ axb e%a;by e;
Tensor product ‘ a®b a'b i e ®e
Gradient ‘ Vy Viy el
Divergence ‘ V.-w viw' —
Curl ‘ V xw sijij Wk e;
Gradient tensor ‘ Veow Viwd ewe j

all of which may be defined without coordinates. Note that
because a - (Ab) = (aA) - b, we may write simply a Ab.

TaBLE 2. Common vector identities involving the tensor product, written
in both symbolic and index notation.

Name Symbolic Symbolic  Index
Tensor trace tr(a®b) a-b a;b’
Right operation ‘ (a®b)w a((b-w) aibjwj
Left operation ‘ w(a®b) (w-a)b wiaibj
Transpose ‘ (a®b)T bea bla;
Advection ‘ u(Vow) (u-V)w ujiji

— ‘u(V@w)T (Vow)u u-/Viwj

The action of the tensor A on the vector w is represented
aS . . . .
Aw=A"; (e;®e€’) wkey = Al wle

s)

again using (9) and (2). But because the presence of the e;
can be inferred, we can write down A’ /.wf as an implicit
representation of Aw without needing to carry out the in-
tervening manipulations on the basis vectors. Matching an
upper with a lower index in two tensor representations, as
in A! jwj , effects an inner product and is called contrac-
tion. Each contraction involves the implicit dot product of
a basis vector e; and a reciprocal basis vector e/ using (2),
reducing the degree of the tensor by two. Index notation
readily accommodates multiple simultaneous contractions,
easily identified by matching indices.
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A particularly important tensor is the identity tensor,
which in flat Euclidean space is given by

I:gijei®ej :gijei®ej:6§-ei®ej :6{ei®ej. (16)

Its non-mixed components are the metric coeflicients,
while its mixed components are Kronecker delta func-
tions. Given a flat, extrinsic space, g;;, g"/, and 63. are
all representations of I in precisely the same sense as the
various representations of A in equation (8), and the met-
ric g is nothing but the identity tensor I. This tensor has
the property that Jw = w for all w. The identity tensor
is implicitly involved whenever the delta function is used
in index notation, that is, a;6%b/ = a;b’ corresponds to
the tensor equation aIb = a - b with I chosen in a mixed
representation. It is also implicitly involved in index jug-
gling, since g"/w; = w' corresponds to the tensor equation
JTw =w with I chosen in anon-mixed representation. This
is intuitive, because changing the representation of tensor
components is an operation that does not change the tensor
itself, that is, an identity operation.

Evaluation of the cross product and curl in index notation
requires the introduction of an appropriate tensor operator.
The Levi-Civita symbol €; i, given by the rule

1, ijk an even permutation of 123
-1,

0, otherwise

€jk = ek = ijk an odd permutation of 123
17

is used in turn to define the components of the Levi-Civita
tensor €, also known as the volume element. Its covariant
representation is

£ijk = VEEijk » (18)
where g = |g;;| is the determinant of the metric compo-
nents. With orthonormal basis vectors we have g = 1. As
the components of a tensor, the Levi-Civita’s tensor in-
dices may be raised in the usual way, and the contravariant
components of € are

(19)

The contraction of these two representations satisfies the
useful identity
gijre " = 6767 - 676" (20)
which can be used to easily prove most of the triple-product
identities that must be memorized or looked up for manip-
ulation of symbolic equations.
Notation will be needed for isolating portions of a
second-order tensor A exhibiting various types of sym-
metries, presented in Table 3. In symbolic notation, a



TaBLE 3. Operations for isolating the portions of a second-order tensor
A exhibiting various types of symmetries in symbols and index notation.

Part Symbolic Index
] 1 1 k
Isotropic gtr(A)I ggijA k
1
Symmetric ‘ 3 (A + AT) 3 (Aij+Aji) = Auj)

—_

Skew-symmetric

- (A - AT) 3 (Aij = Aji) = Apj)

[\

tensor is said to symmetric if A = AT and antisymmetric
or skew-symmetric if A = — AT, Inindex notation, a tensor
is symmetric if

Aij =4ji> A=A AV =A7 @21
and skew symmetric if
A=Ay Alj=-Af, AV =AM (22)

Using index juggling, all statements in (21) and (22) are
shown to be true if any one of them is true. Note that for a
symmetric tensor A, there is no ambiguity in writing the
mixed components as A’/ = Aij =A ji, without the place-
holder spaces; this is the case for the Kronecker delta 6;

This discussion has shown that explicitly writing the ba-
sis vectors is superfluous because all relevant information
is already present in the placement of indices. However,
rather than identify w' and A’; with a vector and second-
order tensor respectively, as is sometimes done, we find
it helpful to emphasize that w' and A'; are tensor compo-
nents which only when paired with basis vectors yield the
actual tensors. This underscores the fact that derivatives
of the tensors involve derivatives of both the tensor com-
ponents and the basis vectors, even if the basis vectors are
not explicitly written.

3. Spatial derivatives in curvilinear coordinates

We would like to express not only changes in tensor rep-
resentations but also spatial and temporal differentiation
in component form without explicit reference to the basis
vectors. This requires that a derivative be expressed in such
a way that it involves an action only on the components of
the tensor and not on the basis vectors. It can be shown that
partial derivatives of tensor components such as 9;w’ and
0;A’ « do not transform according to the tensor transforma-
tion law (24) and are thus not themselves the components of
tensors. An extension of partial derivatives that accounts
for changing basis vectors is thus required to express the
spatial derivatives of tensors in component form. This is

precisely what the Christoffel symbols defined in equations
(4) and (5) express.

Though our original definitions of the Christoffel sym-
bols are geometrically instructive, the symbols can also be
calculated more straight-forwardly in terms of the metric
coefficients as

. 1 .
Tk = 58" (98 + Ox8;=Degpp) - (23)
Under a change of basis, the components of a tensor trans-
form according to the tensor transformation law

wé = JAw', wa =Jiwi, A“y = Ji“J}J)Aij,
24)

where the Jacobian coefficients J', and J{ are defined as
Jit = 0iy?,

(25)

J ; = axi
The transformation law (24) generalizes to tensors of any
order, with a Jacobian contraction on each index. Note that

in terms of the basis vectors, the Jacobian coeflicients can
also be written as'

Ji=e;-e, J; —e, €. (26)
We also have, by the chain rule,
e =Jie,, e, = Jéei, 27)

meaning that Ji are the components of the e; basis ex-
panded in terms of the e, basis, and conversely for J},.

An indexed entity contains the components of a tensor
if and only if it transforms according to (24). Indeed, this
transformation law can be used as an alternate, equivalent
definition of a tensor to the definition given above as a
multilinear function on vectors, as shown in (1.6)—(1.10)
of Jeevanjee (2011).

The Christoffel symbols Fkl. . do not transform according
to the tensor transformation law and are therefore not the
components of a third-order tensor. A tensor with the same
mixture of indices as Fki : would transform according to

A%y = TR TEAT, (28)
The Christoffel symbols, however, follow the transforma-
tion law
i ; d%x!
re,. :Jl,“Jl]jJZfFljk +J{‘W (29)
which differs from (28) in the second term. The reason the
Christoffel symbols are not components of tensors is that

ITo see this, note that the Jacobian J/, may be used to transform the
basis vectors as e, = 048 = 041 = J,0;r = J} e;. It then follows that
Jg = J’“(?tj =J{ (ei-ef) =e; -Jj?’ej = e; - €%, and similarly for J.



r kl. T by construction according to (5), describes an aspect

of the x’ coordinate system, namely how its basis vectors
vary spatially. When we change coordinates to y¢, we are
not simply changing the representation of the Christoffel
symbols Fkl. . but rather obtaining new quantities I'?, _ that
describe the spatial variations of a different set of basis
vectors, the basis vectors e, of the y* system.
Nevertheless, the Christoffel symbols can be said to re-
semble tensors in the sense that the upper index and/or ei-
ther one of the two lower indices will transform according
to the transformation law, but both lower indices together
will not. This can be understood using their definitions
Fkl.j = (0;e;)-e* and ¢, = (d.€p)- €. The upper index
kofI" kl. : corresponds to the basis vectors we are expanding
in; this index will therefore transform like the contravariant
components of a tensor. The first lower index i corresponds
to the coordinate system in which we are taking a partial
derivative; this index will transform like the covariant com-
ponents of a tensor. From the symmetry Fki ;= rk jir the
second lower index can also be transformed like a tensor.
Yet 9;e; together does not transform like a tensor in j be-
cause this would require 6,-]}‘.‘ = 0, which is not the case
in general; thus both lower indices do not simultaneously
transform according to the tensor transformation law.

a. Changing representations involve the identity tensor

It builds intuition to highlight a detail that we have not
seen discussed in the literature, namely the role of the
identity tensor I in changing tensor representations. As
discussed in section 2d, in Euclidean space the action of
index juggling implicitly involves the identity tensor, since
g"/w; = w' corresponds to the tensor equation Jw = w
with I = g"/e; ® e;. However, the identity tensor can also
be written in the form

I=Jle,®e =J\e ®e, 30)
in which case the coefficients of the basis vectors are seen
to be the Jacobian coefficients. In this form it is clear
that changing representations from one basis to another
also involves the identity tensor, since w* = J;’wi again
corresponds to Jw = w but now with I = Jfe,®e'. In
both cases the effect is to express the tensor in a new rep-
resentation without changing the tensor itself. Moreover,
combining (16) with (30), we also see that in Euclidean
space, the Kronecker delta, the metric coefficients, and the
Jacobian coeflicients are all different representations of the
identity tensor I.

This clarifies several points of ambiguity in the litera-
ture. Commonly g;; is referred to as the metric tensor, but
from our extrinsic perspective, there is no separate “met-
ric” tensor having the g;; as its covariant components apart
from the identity tensor I = g, jei ®e’. For this reason we
refer to g;; as the metric coefficients or components, as
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opposed to the metric fensor. At the same time, is also
often said that the Jacobians are not tensors. However
for our purposes the Jacobian coefficients have the same
status as the metric coefficients—they are components of
the identity tensor, but in a representation that uses a basis
and a reciprocal basis drawn from two different coordinate
system, as in (30). The equal status of these two sets of co-
efficients is also apparent if one observes that g;; = e; - €;
while similarly J, = e, - €.

b. Spatial differentiation

Taking the partial spatial derivative of a vector w with

respect to the ith coordinate, we find

6,-w:6i(wjej):ejaiwj+wj8iej, 31
which illustrates that the components of the derivative of
a tensor are not the derivatives of its components; spatial
variations in the basis vectors will contribute via the second
term, which itself is equivalent to w/I" kl. €k by equation
(4). The partial derivative d;w can be rewritten as

. _— .

(‘3,~w =e€; ((9in +Fjl.kw ) = EjViWJ (32)
Here V,w/ is known as the covariant derivative of w/,
and has been constructed to express the action of taking
the partial spatial derivative of a vector in terms of an
operation on its components.

The covariant derivative of the components of a tensor
takes on a different form depending upon the tensor’s order
and the valence of its representation. For a scalar or zero-
rank tensor field we have the simple relation V;a = 9;a,
while for a second-order tensor A expressed in mixed com-
ponent form the covariant derivative is

J— J J Al £ AT
ViAy =0;A + 17, A —T7 L Ay (33)
This pattern extends in the obvious way to tensor com-
ponents of different orders and valences, with a positive
Christoffel term for each upper index and a negative term
for each lower index. Importantly, the covariant derivative
exhibits the usual properties, such as the product rule,
Vi(a’bi) = a’ Vb +biV:a, (34)

and linearity; see section 8.6 of Grinfeld (2013).

When it acts on the components of an nth order tensor,
the covariant derivative produces components of an (n +
1)th order tensor, and indeed this was the entire point of
defining it this way. This means we can also define the
contravariant derivative

Vi=glv; . (35)
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In Table 1 we see how the covariant derivative is used to
write various types of spatial derivatives as actions on ten-
sor components. Importantly, when the coordinate system
spans the three dimensions of Euclidean space, covariant
differentiation of a tensor component corresponds to partial
differentiation of the tensor itself, as is evident from fact
that V;w/ is the jth component of 9;w from (32); this will
no longer be the case when the covariant derivative is ap-
plied along a curved manifold, such as in general relativity
or along a curved surface embedded in three dimensional
Euclidean space, see Chapter 11 of Grinfeld (2013).

The gradient tensor of a vector w is V ® w and has
components V;w/. A notable example is the gradient of
the position vector r, for which one finds

Ver=I, V=6, (36)
which is readily shown in Cartesian coordinates.”

The covariant derivative has the crucial property that its
application to the metric coefficients vanishes,

Vig'k =0, Vig; =0, V6, =0,  (37)
a result known as Ricci’s theorem, metric compatibility,
or the metrinilic property. This means that we can freely
raise and lower indices across the derivative. As confirmed
in Appendix A, its application to the Jacobian coefficients
also vanishes

ViJ¢=0, ViJi=0, VuJ,=0, V.J=0, (38)
but this had to be the case since it was designed to produce
tensor components from tensor components—we have to
be able to change bases through the derivative for this to
be true.

It may similarly be shown that the application of the
covariant derivative to the Levi-Civita tensor vanishes,

Veeijk =0, Vet =0, (39)
meaning that the covariant derivative and the Levi-Civita
tensor also commute.

c. Index swapping rules

In changing representations between the e; and the e,
bases, the following rules will prove useful. Any repeated
indices that generate proper tensors may be freely swapped
between the {i, j,k} and {a, b, c} index sets, e.g.,
Al.jei ®ej = Aibei®eb .40

w'e; =wle,,

2In Cartesian coordinates ri = {x,y,z} and V; = 9}, so erf =
djr' = 6% It then follows from the tensor transformation law that this

holds for any other coordinates y%: J¢ J{; 6; =J&Jl =65

Any contracted indices on tensor components can likewise
be swapped, e.g.,

u'v; = uv,, Aapw? = Agiw'. 41)
For the Christoffel symbols, contractions that involve the

upper index and/or one of the two lower indices may be
swapped, but not those involving both lower indices:

T uviwk =T% uv/wk =T% , u 2wk
Jjk Jjk bk

a J1,C a b, c (42)

=I jclaV'w #1% ugv7we.

Although partial derivatives of tensor components are not
in general tensor components, indices of contracted partial
derivatives may also be swapped via
W' o =uo,7 . (43)

This follows from the chain rule and the definitions (25),
but we can also use (32) to rewrite expressions involving
partial derivatives in terms of the covariant derivative and
the Christoffel symbols, for example

Wl dv) = u' v —Fjiku[vk. 44)
We see that swapping the i index for a only requires one of
the two lower indices of the Christoffel symbol to change,
and is therefore permissible.

4. Time derivatives in curvilinear coordinates

In order to determine the momentum equation in a gen-
erally accelerating, rotating, and deforming coordinate sys-
tem, we need an analogue of the covariant derivative for
temporal differentiation. That is, we need a way to com-
pute total time derivatives of tensor fields by operating
only on their components. This section introduces such a
derivative, first presenting a known result for fixed coor-
dinate systems, and then introducing a generalization that
accommodates moving, deforming coordinates.

a. Frames and settings

Consider the coordinate system y¢, which we have in-
troduced as being both rigid and inertial. In fact, both of
these properties more properly pertain not to the coordinate
system y“, but rather to the frame in which it is embedded.
We define a frame to be an imaginary, rigid lattice extend-
ing throughout space, in comparison to which Newtonian
motion may be measured (see e.g., Koks 2017). Given a
non-accelerating frame, any curvilinear coordinate system
that is fixed with respect to that frame will inherit its rigid-
ity and inertiality. Thus, referring to y“ as a rigid, inertial
coordinate system is simply a shorthand for saying that it
is a coordinate system embedded within an inertial frame.



TaBLE 4. A table of different time derivatives appearing in this work.
x is a general path along which differentiation occurs. We understand the
material derivative of a tensor to be taken following a fixed parcel label
&. The intrinsic derivatives are constructed to produce components of
the corresponding total derivatives acting on tensors. One further sort of
time derivative, the convected derivative of Oldroyd (1950), is discussed
in Appendix B and omitted here.

Name Symbol Argument
Total along path y % |X Tensor
Total Material 4= %P/ ‘= 4| ‘ Tensor
Partial with fixed x &l Either
Partial with fixed y % |y Either
Covariant Advection | Vo, = vEV, = vV, Components
Lie Advection Ly Components
Intrinsic % |X Components
Intrinsic Material L= 2= 2 . Components

Recall that we have employed Galilean invariance to regard
this inertial frame as stationary.

The x’ coordinate surfaces, by contrast, are allowed to
evolve with respect to the inertial frame according to any
combination of translation, rotation, and deformation. Be-
cause these coordinates are permitted to exhibit non-rigid
motion, it is not possible to fix them within any rigid frame.
We instead introduce the term setting to indicate a de-
formable frame-like entity, visualizable in two dimensions
as an evolving, stretching rubber sheet onto which coor-
dinate lines are marked; in the case without deformation,
a setting becomes a frame. For brevity we refer to the x
coordinates as being within the moving setting.

Since the x* coordinate surfaces are allowed to be tem-
porally varying, it follows that the basis vectors e;, met-
ric coefficients g;; and g*/, and Christoffel symbols I', ;
vary as well. Meanwhile, the y¢ coordinate surfaces and
hence basis vectors e,, metric coefficients g,; and g“b,
and Christoffel symbols I'“_, are all temporally constant.
The Jacobian coefficients J¢ and J%, for converting between
the two coordinate systems will also vary in time as the x*
coordinates do. All of these quantities are permitted to be
spatially varying.

The two coordinate systems are related as follows,
sketched in Fig. 1. The origin O, (¢) of the coordinate
system in the moving setting is located at position vector
S (t) with respect to the origin O, of the coordinate system
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in the inertial frame. Let 7 be a position vector with respect
to the origin of the moving coordinate system O, and s
a position vector with respect to the origin of the inertial
coordinate system O, with s =7+ §.

It is assumed that our coordinate systems are sufficiently
well-behaved that they can be related by invertible sets of
differentiable functions, allowing one to translate freely
between the names given to a particular point in each sys-
tem. That is, we can write each coordinate system in terms
of the other as
(45)

X (v.1), Y (x,1),

where we suppress coordinate indices within function ar-
guments. Differentiating each set of coordinates with the
other held fixed yields two velocity fields, U and V, hav-
ing components

. Ox!

qi= %% a_ 0y
ot y

(VEat.

X

(46)

At each point in space U = U'e; is the velocity of the
inertial frame as observed from the moving setting, while
V =V, is the velocity of the moving setting as ob-
served from the inertial frame.

Clearly these velocity fields are equal and opposite,
U = -V, although they both may vary in space and time.
Following the tensor transformation law, each field is ex-
pressible in terms of the other basis as

U =Jiu, VIV, (47)
where J{* = 9;y“ and J ; =9,x" arethe] acqbian coefficients
defined earlier in (25), such that V = V'e; = V%e,, and
similarly for U. Because the inertial coordinate system is
assumed to be stationary, V is the absolute velocity of the
moving setting. Hereafter we use only ‘V, which we name
the setting velocity field®.

Let the scalar field £ be a label that remains constant
following fluid parcels. Differentiating each set of coordi-
nates with the label ¢ held fixed yields two velocity fields
characterizing the fluid motion, u = u’e; and v = ve,,
with components given by

(48)

= — s vy = —
dtf d

i_— dxi a dy “ )

e
The velocity field u is the relative velocity observed with
respect to the moving setting while v is the absolute ve-
locity. Although these velocity fields make the most sense

3 A particular example of a setting velocity can be found in Griffies
et al. (2020) as v(%), described as “the velocity of a point on the s-
coordinate surface.” As in equation (51), it is subtracted from the ab-
solute fluid velocity to calculate the relative dia-surface velocity w (%),
corresponding here to the vertical component of the relative velocity .
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in the setting where they are easily observed, they are vec-
tor fields and can therefore be expressed in components
relative to the basis vectors of the other setting,

(49)

These two velocity fields are related as follows: consider-
ing the x' coordinates to be a function of parcel label and
time, x’ (&,¢), we have

o dx!

= ar

a
+ay
£ ot

d a
Ey [X(f,[),t] . ) (50)

£

which reduces to v = u% + V“. Consequently

v=u+YV. (628
The absolute velocity of the fluid v is thus the sum of its
velocity w relative to the moving setting and the setting
velocity V due to the motion of the x setting itself. This
is precisely what we should expect.

If the coordinate system x’ is embedded within a frame of
reference rotating with the planet, then V is the planetary
velocity and w is the velocity relative to the planet. In cases
where the x’ coordinates deform relative to the planet, for
example in isopycnal or pressure coordinates, the setting
velocity V captures this coordinate motion as well as the
planetary motion.

b. The intrinsic derivative in static frames

Next we present a standard indicial expression for the
derivative along an arbitrary curve, the intrinsic derivative,
which allows us to express the material derivative following
fluid parcels as a special case. The intrinsic derivative is
defined in the literature only for static coordinate systems
and requires generalization to accommodate rotating or
deforming coordinate systems x'.

Let y () be some parametrized curve, with coordinates
x“(t) and y'(¢) within the y* and x’ coordinate systems
respectively, and write f[x(¢),¢] to denote the restriction
of the field f to the curve y. We use the notation

df X_ d
il Ef[X(t)J]

(52)
to mean the total time derivative of f evaluated along y,
which is independent of the coordinates we use to represent
x- This notation is intended to be distinct from df/dt|g,,
which means that the derivative is taken with the quantity
O held at a fixed value.

The rates of change of the x’ and y“ coordinates as one
moves along the curve y specify two sets of tangent vectors,
plx ()] = pie; and g[ x(¢)] = g%eq, called the parametric

velocities, having components

dya X
dr |

i

p

a

> q

dxi X
7 (53)
These give the apparent velocity of motion following the
parameterized curve as observed with respect to the mov-
ing setting and the inertial frame, respectively. We empha-
size that these are not material velocities—they correspond
to the rate of change of a position along any chosen curve
x (#), and are in general completely independent of the ve-
locity of the fluid in which the curve is embedded. By
reasoning analogous to (50) and (51), we arrive at

q=p+YV. (54)

When f is considered to be a function of the y¢ coordinates,
f = flx“(2),t], its derivative along y is

af
dt

toor

b
= 0
ar| T4 b f

y

(55)

from the chain rule. When applied to a vector field w, the
total derivative along y can be expressed as

dw
dt

X_ﬁ'w

b
+q° 0pw
91 q Ob

y

(56)

0
=eq| =| +¢°V,|w®
ot
y
from the fact that the basis vectors e, are temporally con-
stant combined with the definition of the covariant deriva-
tive in (32). We can thus define the intrinsic derivative

sl (o b
—| == +9°Vp|, 57
57 ( a1, q b) (57
acting on tensor components, allowing us to write
dwl¥  owel¥
— = a- 58
dt or | € (58)

See §7.55 of Aris (1962) or §8.9 of Grinfeld (2013) for
extended discussion of this operator.

The action of the intrinsic derivative is to express the
total time derivative along the curve y(¢) in static but
curvilinear coordinate systems in terms of operations on
tensor components alone. Put another way: when we apply
the intrinsic derivative to the components of a tensor, what
we are doing is taking the total time derivative of that
tensor along the specified curve. The form of the intrinsic
derivative given in (57) is independent of the order and
valence of the tensor components on which it operates
because this dependence is already accounted for by the
covariant derivative. Finally, we reiterate that equation



(87) is valid only for tensor components with respect to
fixed basis vectors.

c. The material derivative in static frames

We now choose a curve, denoted y¢(z), to follow the
fluid parcel &, and then allow ¢ to take on all possible la-
bel values, such that y () specifies the paths of all fluid
parcels. The total derivative along the curve y¢ () follow-
ing fluid parcels for each value of é—that is, the material
derivative—of some tensor quantity f is then given by

dr |

d
= = Ef[/\/.f(t)»t]'

r 59)

From (53), the parametric velocity components p’ and g¢
evaluated along the paths of fluid parcels become

dx’ : dy“
| = gIYe = ——| =v"

pi|/\’§ = =
£ dt |

(60)

from (48). This emphasizes that the fluid velocities u and
v are a special case of the parametric velocities p and g
along a family of curves, when those curves are taken to
follow fluid parcels.

We define the material intrinsic derivative

9
ot

Applied to a vector field w, this is written in terms of the
inertial y¢ coordinates as

(61)

0
ot

+ vab)
y

X& a

_ow e
- 5t as

dw

ar (62)

This is simply the intrinsic derivative (57) evaluated along
fluid parcel trajectories, for which the parametric velocity
q has been set to the absolute fluid velocity v, and again
the form (61) is only valid for static coordinate systems.
For convenience, we define the undecorated symbol §/6¢
to be the particular, material case of the intrinsic derivative
along a curve because this version is most common in our
applications. If we need to differentiate along some other
path y, we denote that explicitly by “(-)|¥.”

d. Velocities and settings

We pause momentarily to investigate the relationship
between the vector fields p and g, and to clarify the notion
of a setting. Asin Fig. 1, let  and s be the position vectors
measured from the origins O and O, respectively to some
point in space. Due to the motion of the basis vectors, 7
may change even with coordinates x’ held fixed. However,
on account of our choice that the inertial coordinate system
y¢ be embedded within a stationary frame, s may not
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change with y“ held fixed. Consequently, considering the
position vectors along the curve y (¢), we see that r [ v (¢),1]
is an explicit function of time but s[ y(¢)] is not.

Taking the time derivatives of these position vector along
the curve y(¢) then leads to

X_ +a_,,.
PTG

dr

dt

ds
dt

X

=q (63)

X
from e; = 9;r and e, = d, s, together with the definitions
of p and q in (53). Thus the rate of change of the position
vector s measured with respect to the inertial frame (which
has been chosen to be stationary) is the same as the vector
field g observed in that frame, but the same is not true for
the moving setting. In the moving setting, an additional
contribution dr/dt|, appears due to the motion of the
coordinate surfaces themselves. We name dr/dt|, the
inherent velocity field since it is an inherent property of
the setting, not of the fluid motion. The simplest case of a
non-zero inherent velocity field is that due to rigid rotation.

We may now make the following key observation with
respect to settings: if two different coordinate systems have
the same inherent velocity fields, they share the same set-
ting. In this case, all coordinate locations in one coordinate
system remain at the same coordinate locations in the other
system even as the setting moves or deforms. These two co-
ordinate systems can then be visualized in two dimensions
as two different sets of lines on the same deformable rubber
sheet. Like a frame, a setting therefore does not depend
upon or imply a choice of coordinates, even if a particular
coordinate system was involved in its initial specification.

The inherent velocity field dr/dt|, is related to the
setting velocity <V, as will now be shown. Since s =7+ S,
see Fig. 1, we can take the total derivative of this equation
along curves y(t) to yield, using (63) and (60),

_ps O
q=p+ 5

ds

=, 4
x+ 7 (64)

Since S is spatially constant for a given time, we also have

ds oS oS
urar|, o (65)
x y
Comparison with (54) then shows
or dS ds
(V_EX-FE_EX’ (66)

which means that the setting velocity field V consists of
the inherent velocity of the moving setting dr/dt|, plus
dS/dt, the velocity of the origin of the moving setting.
This is equivalent to the apparent velocity of the absolute
location vector s as viewed from the moving setting. In
the common case that x' and y“ have coincident origins,
this reduces to V = dr/dt|, = ds/0t|,.
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e. Transforming rates of change

In order to derive the intrinsic derivative in the moving
setting we must be able to transform partial time derivatives
between inertial frames and moving settings. The partial
time derivative of a function f at a fixed x location is, by
the chain rule,

_of

. ot

of

a
)
o +V9o.f

y

(67)

where f is regarded first as a function of the x’ and then of
the y“ coordinates. Thus we have

9
ot

0

ot

+Vba,
y

(68)

X

where the operand field on the left-hand side is understood
to depend explicitly on x while that on the right-hand side
is understood to depend explicitly on y, as indicated re-
spectively by the “|,” and *“|,” notation. Proceeding as
above but for the derivative d f/dt|,, one finds

_ ( 9
¥ ot
as the inverse transformation to (68). These relationships
are a consequence only of functional dependence and there-
fore hold for general functions, which might be tensors of
any order, their components, or even non-tensor functions
like the Christoffel symbols.

While the rates of change of the basis vectors e, at fixed

y vanish, those of the basis vectors at fixed x are found to
be

0

3 (69)

—(Vjc')j)

X

66i

oe!
ot |,

= ejV,-(Vj o1

and =-e/V;V'. (70)

X

Temporal changes in the bases and spatial gradients of V
are then just two representations of the same phenomenon.*
We may also note the useful fact that the temporal deriva-

4As a brief proof, we note
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ot
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just by reversing the order of the partial derivatives. Substituting from
(66), this becomes

(98,' d S :
=0;|V-—|=6;V=¢€;V;V/

ot |, ( dt ) ) (.
using the fact that S is spatially constant together with the definition
of the covariant derivative in (32). The expression for the contravariant
basis follows from this and the fact that

ot

=0.

x

(D

tive of the setting velocity V at a fixed location in the
inertial frame can be expressed as

oV
ot

_ove
Y

a

oV
=Je

e (72)

X

Thus these follow the tensor transformation law for vector
components. Notice that the coordinates held fixed during
differentiation differ on either side of the second equality.
This property is particular to the setting velocity “V and is
not true for tensors in general.’> This point will be crucial
when we come to the momentum equation (102).

f. The intrinsic derivative in moving settings

We are now able to generalize the intrinsic derivative to
arotating, deforming setting. The derivative of vector field
w along acurve y, as expressed in terms of its contravariant
components in the moving coordinate system x’, is

dwl¥ (0 . ,
=== ig: | (wie:
o (6tx+p 6])(w e
ow' ; ; Oe;
= 7x6i+p16jw+w 6—;)( (75)

using the definition of p’ in (53). The final term is of a new
sort wholly absent in static frames, though common in GFD
settings, and gives the contribution to the rate of change of
w along y(¢) arising from the temporal variability of the
basis vectors.

The intrinsic derivative of the contravariant components
of a vector in a moving coordinate system is then defined as

X_awi

ot

Sw'

ot (76)

+ijjWi+WjVj(Vi
x

which supersedes the earlier definition in (57). The new,
final term emerges from the rate of change of the basis
vectors in (75) on account of (70), and vanishes for any
static coordinate system, recovering the form of the intrin-
sic derivative given earlier in (57). With this definition, we

SThe first equality in (72) is true because the e,, are constant in time,
and to verify the second equality we use (69) to write

oV o0

ot ¥ ot

i ;[ de;
. i v
e +V ( .

(”Vie;) VgV = 6;;

—e_/V;(Vj)

(73)
after using (32) in passing to the second equality. The term in parentheses
then vanishes due to (70), and dotting both sides with e yields (72).
Separately, we can use equation (68) and Table A1 to write, for a general

vector w,
|9
. ot

from which equation (72) follows immediately by L4 V¢ =0. In
fact, with the choice V = v, equation (74) becomes Oldroyd (1950)
equation (23) applied to vector components—see Appendix B for further
discussion of that derivative and its relation to the intrinsic derivative.

x x x

i
a Ow

T 4

wa

+ Ly
y




can express the total derivative along y () in the moving
coordinate system as

X

dw e; a7

X 5Wi
ar|

ot

just as was the case for the static coordinate system in (58).
Unlike for the static coordinate system, the expression
for the intrinsic derivative in a moving coordinate system
is valence-dependent. By an analogous procedure, we find
the derivative for covariant components of a vector to be

5W,‘
ot

X_ Bwi

EY i +pJ V(/W[ — WJ'V,'(V‘/,

(78)

In comparison with (76) for the contravariant components,
we see that the final term appears with the opposite sign
and with a different contraction of indices. Equations (76)
and (78) indeed give the contravariant and covariant com-
ponents of the same vector dw/dt|¥, which is most easily
shown using the general form of the derivative presented
in section 4h. Despite this, neither the first nor third terms
on their right-hand sides are individually the components
of the same vector. The implications of this are discussed
in section 5g.

For a second-order tensor A expressed in contravariant
form, A = A"e; ® e, one finds the intrinsic derivative in
a moving coordinate system to be

SAY
5t

‘_9AY k ij o akj i aik J

=5 +p Vi AY + AV VLV ATV

' (79)

This pattern is expressed most naturally in terms of the

Lie derivative along ‘V, which captures all of the valence
dependence in its definition. Find details in section 4h.

Like the covariant spatial derivative, the intrinsic deriva-

tive obeys the tensor transformation law

owt X

owl X :J[ 6Wa
ot

@5t (80)

Separately, it is compatible with the metric, and so indices
can be raised and lowered across the derivative like so

X ow/ X

= 8ij ot

6W,’

s @81

We prove this in section 4h, and it is standard for the
derivative in fixed frames.

g. The material derivative in moving settings

The material intrinsic derivative following fluid parcels
is then
swi ow' : : ; ;
— = —| +uW VW' +w/V; V",
ot
X

(82)
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x

ot ot 83)

found by choosing a family of curves yg as parcel tra-
jectories relative to the coordinates such that u’ = p|¢ as
in subsection 4c, but retaining the final terms due to the
moving basis. An equation equivalent to (82) appears as
equation (23) of Luo and Bewley (2004), but the expression
is not further generalized.

The first two terms on the right-hand side of (82) give
the apparent rate of change of w following the flow u
as observed from within the moving setting, measuring
the contravariant components of w. The final term tells
us that at a fixed x location, the changing basis vectors
interact with the vector field w to act as if the setting
velocity field V were being advected by w. We term this
effect counter-advection.

An illuminating special case of counter-advection is that
in which the vector field w is both spatially and temporally
constant. In that case, temporal changes in the contravari-
ant components w' at fixed x locations must occur to coun-
teract the fact that the basis vectors are also changing.
The combined effect leaves the derivative of the w field
unchanged.

h. The intrinsic derivative in its most general form

Ultimately, we want a form of this derivative that ab-
stracts away its dependence on the order and valence of
the tensor being differentiated. To achieve this, we need
an operation that undoes the apparent effect of the moving
coordinates being dragged around by the field V. Such
an operation already exists: the Lie derivative, which tells
us how a tensor field changes as it is “pulled back” by the
flow along the integral curves of a vector field, in this case
the setting velocity V. The Lie derivative is a potent tool
in differential geometry, and appears as a generalized ad-
vection operator in the work of Holm (e.g., 2015, 2025).
The intrinsic derivative, it turns out, also takes its most
powerful form in terms of the Lie derivative:

X 0

B ( ot
a form which is now independent of the valence of its
argument. For the contravariant components of a vector,
covariant components of vector, and contravariant compo-

nents of a second-order tensor, the Lie derivative is given
respectively by

0

5 (84)

+(]’VJ _L(V) )

X

Lyw' = q/fa,-wi - wjaj(Vi, (85)
L(Vwi = (Vjﬁjwi + wjai(Vj, (86)
LyAT = VKRG AT — AR gy — ARG VI (87)

The general form for the Lie derivative may be found in
(B.18) of Carroll (2004), or likely in any text on differen-
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tial geometry or general relativity. Due to the symmetry of
the Christoffel symbols, the partial derivatives can equiva-
lently be written as covariant derivatives. The reader may
verify that equation (84) recovers all of the particular cases
(76), (78), and (79). In the inertial case x becomes y, we
take V = 0, and recover equation (57) as well.

As always, the choice g = v gives the material version

(88)

0 0 i
5—(5 +v V.I_L(V)
‘We might have guessed this result from the start: asimplied
by equations (45), the criterion for a well-behaved moving
coordinate system x' is that the setting velocity V be a
vector field that generates a diffeomorphism—that is, an
invertible, one-to-one mapping—from space onto itself,
as illustrated in Figure 2. By definition, the Lie deriva-
tive L« is the derivative that measures how a tensor field
changes under the diffeomorphism generated by V, and
by subtracting it we undo the artifacts that this coordinate
transformation introduces to tensor components.

Said another way, the observed velocity w is a trans-
formation of space—a rearrangement of the fluid—that we
can meaningfully decompose into its active part v, the field
along which the fluid moves, and its passive part V, the
field along which the coordinates move through the fluid.
Instead of simple advection (u - V) by the observed ve-
locity u, each part of u = v — V effects a different sort of
advection: active, covariant advection by the inertial fluid
velocity v and passive, Lie advection opposite the setting
velocity V, which is the source of the apparent forces.

Geometrically meaningful expressions now tumble from
the notation. The expression

X

0

ar| "~ Ly (89)

measures the difference between the observed change with
time at a fixed x coordinate location and the change due
only to the rearrangement of coordinates induced by V.
This operation is metric compatible because the actions of
0/0t|, and L4 on the metric coefficients give the same
value

0gij

EP (90)

=Lygij =2ViV)

X

and hence (89) applied to g;; vanishes. Together with the
metric compatibility of the covariant derivative this proves
metric compatibility of the generalized intrinsic derivative

from (84),
Soi: X
281 . ©1)

ot

This property is important because it allows us to freely
raise and lower indices, finally proving that

%\\‘“““

mesvea ]
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‘Q‘_

| ‘\\\ Sewnt
A AN T
Fic. 2. The setting velocity “V, shown in white, is a vector field

that generates a diffeomorphism of space. Top: V = Q X r generates
rotation of the sphere. In this case, V is a Killing vector field because
rotation is a rigid transformation for which V;¥V;) = 0. Bottom: A
swirling and shearing diffeomorphism of the plane. Here V(; V;) # 0,
and we see a straining deformation. There is no divergent deformation
because this V was generated from a stream function, so V; V i=0(.

X ow/ X

=8ij 5t
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o (81

Metric compatibility of §/¢}X is expected because we con-
structed it to give components of the vector field dw/dt
when acting either on wt or w;. Nevertheless, it is reassur-
ing to demonstrate this property directly. See Table A1 for
a compilation of derivatives of metric coefficients.



Equation (90) also means that if V(;V;) vanishes—if
the gradient tensor of V is totally antisymmetric, which is
a defining characteristic of a rigid frame (108)—then the
derivatives in (89) are separately metric compatible, V
satisfies Killing’s equation

Lygij =0, (92)
and the fantastical force vanishes. The setting velocity V
then generates a rigid transformation of space if and only if
itis a Killing vector field, motivating our choice in equation
(108) to denote a rigid setting velocity by K. A Killing
field is a vector field representing an isometry (a distance-
preserving transformation), and in Lorentzian spacetime
correspond to quantities conserved along geodesics. See
§3.8 and Appendix B of Carroll (2004) for a discussion of
Killing vectors and symmetries of the metric tensor.

5. Applications of the intrinsic derivative to the mo-
mentum equation

The coordinate systems employed in geophysical fluid
dynamics, such as isopycnal coordinates, are often chang-
ing in time. In this section we develop the equations for
conservation of momentum in arbitrary time-dependent
coordinates using the intrinsic material derivative from the
previous section, and present interpretations of the novel
terms which arise. These equations are directly relevant to
ocean modeling.

a. The apparent acceleration

We can think of observing velocity as the process of
marking the coordinates of successive positions over a
small time interval and taking their difference. In two di-
mensions the coordinates can be visualized as lines drawn
on a deformable rubber sheet. If the coordinate lines are
moving, this is unknown to an observer who has only these
lines themselves as a reference. Similarly, acceleration is
observed by a second difference of these position marks,
and again, contributions to the acceleration that arise from
the motion of the coordinates are invisible to an observer
in the moving setting. Separately, acceleration may be
measured through an accelerometer, or felt viscerally in
the body. When in a moving setting, the measured, or felt
accelerations that would not occur in a Newtonian rigid
frame constitute the apparent forces, precisely the terms in
(102) containing V.

The two terms on the left-hand side of (102) describe
the acceleration observed from the moving setting as one
moves with the relative velocity u, and records contravari-
ant components of velocity. The first, du’/dt .+ is local
rate of change of the contravariant components of velocity
relative to the moving setting observed at a fixed coordi-
nate location in that setting. The second, u/V;u', is ith
component of the advective term e’ - (u-V)u, the rate
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of change of relative velocity w that arises from moving
through gradients of the relative velocity at the relative ve-
locity itself. Contributions to the absolute velocity v that
involve the setting velocity V will not be apparent to an
observer who quantifies motion based only on references
to the setting coordinates. Consequently, felt accelerations
that depend upon V will seem to the observer to be un-
related to motion; the observer will instead conclude that
these terms must be forces: the fictitious and fantastical
forces.

An important point is that unlike for a rigid frame, in a
deforming setting the partitioning of the material acceler-
ation dv/dt into apparent accelerations is dependent upon
whether an observer chooses to record velocity and accel-
eration through through contravariant or covariant compo-
nents. This distinction, which appears only in the fantas-
tical force, stems from the intrinsic material derivative—
compare (82) and (83). This derivative was constructed
precisely to preserve the dynamics of a vector in either
representation, so it usually suffices to consider only one.

b. Momentum equation in a rigidly rotating and translating
frame

To motivate the development in this section we recall
the standard presentation of the momentum equation in a
rotating frame, as found in many textbooks, e.g. Vallis
(2006, §2.1), Gill (1982, §4.5), Pedlosky (1987, §1.5-1.6),
and Batchelor (2000, §3.2). See Morin (2008, §10) for
a particularly thorough treatment. Although not normally
done in GFD, for generality we allow the angular velocity
of the moving setting to vary in time, and we also allow
the moving setting to translate with a variable velocity.
With these extensions, the moving setting exhausts the
possibilities of rigid motion.

As before, let the y“ coordinates be embedded in an
inertial frame, denoted /, that we take to be stationary.
Now let the x coordinate system be temporarily limited to
rigid motion so that it may be considered to be embedded
in a rigidly rotating and translating frame of reference,
denoted R. The absolute velocity v and velocity relative
to the rotating frame wu are then given by

u_dr
“\dt )4

where the meaning of the notation “(-)g” is that the basis
vectors of the rotating frame R are to be held fixed while
the derivative is carried out. Note that the material deriva-
tive with the basis vectors held fixed is equivalent to the
definition u = dx’/d| ¢ € employed previously in (48).

Conservation of momentum, expressed in terms of force
per unit mass, appears in the inertial frame as

_ ds

= 93
v dt ©3)

0—v+(v-V)v=F

ot ©4)
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where F' is a generic forcing term, the details of which are
not important here. In the rotating frame this becomes

Coriolis centrifugal

(6_u) +(u-Viu=-2Qxu-Qx(Qxr)
ot | g

Euler translational
e — ——
dQ d*S
— g Xtz tF. 05
dt T dr? 95)

where the first four terms on the right-hand side are appar-
ent or fictitious forces inferred within the rotating frame.

The first two apparent forces are well known in geo-
physical fluid dynamics. The Coriolis force appears to
accelerate the fluid perpendicular to the direction of its
apparent velocity w in the rotating frame, while the cen-
trifugal force, which appears to push fluid parcels radi-
ally outwards, is generally subsumed into the gravitational
portion of F'. The third and fourth apparent forces are
typically neglected in GFD, but we include them for com-
pleteness. The third apparent force, known as the Euler
force (Marsden and Ratiu 1999, §8.6), the azimuthal force
(Morin 2008, §10.2.4), or by no name (Batchelor 2000,
§3.2), arises due to variability in the rotation rate Q. We
experience this in rotating amusement park rides, which
apparently push us backwards as a carousel begins. It is
important in planetary science problems such as tidally-
locked moons. The final apparent force, the translational
force, arises due to variability in the translational velocity
dS/dt of the moving setting, and is the familiar “g-force”
one feels inside an accelerating vehicle or elevator.

To transform the momentum equation from the inertial
frame to the rotating frame, we first recognize that the
absolute fluid velocity is the sum of the velocity observed
in the rotating frame, the velocity induced by its rotation,
and the translational velocity of the origin,

ds
V=u+QXr+—,

7 (96)

where the second term arises from the rate of change of the
basis vectors induced by €2, see e.g. Pedlosky (1987, §1.5)
or Morin (2008, §9.5, §10.1). A second differentiation
shows that accelerations in the inertial frame and the rigidly
translating and rotating frame are related by

dQ d*s

d d d
Y —(—u) +qu+9x—r+—xr+—
R

g , (97
dt dt dt  dt dr? O

where again the second term arises from the rotation of
the basis vectors. Noting that » = s —.S and consequently

dr/dt =v—-dS/dt = u+Qxr from (96), this becomes

d_v: d_u +2Q XU+ QX (AXT)

dt dt | g
aQ d*s
+d—><r+ i (98)

Finally, the time derivative appearing on the right-hand
side is expanded via the chain rule as

dul (0u

dt |, \ ot
Inserting these last two equations into (94) and moving
terms to the right-hand-side yields (95).

) +(u-V)u. (99)
R

¢. Momentum equation in a deforming setting

Having presented the momentum equation appropriate
for a rigidly moving frame, which includes familiar terms
arising from uniform rotation as well as some less familiar
terms, we now use the intrinsic derivative to arrive at a more
general form that remains appropriate when the setting
deforms. Let the x coordinates again refer to a deformable,
moving setting. The momentum equation, in its broadest
form is

dv 1
—=-F (100)
dt p
which we represent in component form relative to a moving
setting as
ovi1
— =—F". (101)
ot p
Expanding using v = u + V and collecting terms in V to
the right-hand side, we have

i . o o i 1 .
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Lowering an index with g;x and using (90) we arrive at the
covariant form

9 . . . .
% +u/VA,~uk = —2u~’V[j(Vk] —(V'IV[j(Vk] +’V~’V(]~(Vk)
X
oV 1
- K 4 2R (103)
ot |, p

Given knowledge of the forces F', these forms of the
momentum are numerically implementable for any mov-
ing coordinate system: material, isopycnal, pressure, or
any other convenient choice. It remains only to determine
the form of the metric coefficients and the components



of V for each coordinate system, which will be done ex-
plicitly in a companion paper (Feske et al. 2026). Thus
(102) vastly expands the scope of possibilities over those
afforded by the momentum equation in a rigid frame (95)
which already has more apparent forces than are included
in most GFD textbooks. The companion paper presents
concrete applications of (102) to various common coordi-
nate systems employed in geophysical fluid mechanics.

d. Interpretation of terms

In equations (102) and (103) we have a general form
of the momentum equations for arbitrarily moving and
deforming settings. Deformation in particular leads to a
class of terms that have not previously been described in
full generality. In this section we interpret those terms,
propose a terminology to categorize them, and relate them
to terms in the rigid frame equation (95).

Any second-order tensor can be expanded into two por-
tions: a symmetric part (which can be made deviatoric
by further separating its isotropic part if desired), and an
antisymmetric or “skew-symmetric” part. Applying this
decomposition to a generic velocity gradient,

symmetric~strain,divergence  skew/spin~vorticity

1

Vvi=
VA4 2

(Vjvi+Vivj) +%(Vjvi—Vl-vj) (104)
The symmetric portion is associated with strain (the de-
viatoric part) and divergence (the isotropic part), and the
antisymmetric portion is associated with spin and vorticity.
See Table 3 for a comparison of symmetry operators be-
tween symbolic and index notation. The skew-symmetric
portion consists of the same information as the curl. One
may write €' - V X w = KV ;wy, expressing the curl of
any vector w in terms of the antisymmetric part of its gra-
dient tensor.® The skew-symmetric velocity tensor Viivi]
corresponding to the vorticity, i.e. the curl of the velocity,
is known as the spin tensor (Itskov 2015, p 61). Itis exactly
half the vorticity 2-form, which will be discussed later in
section 6b. The symmetric part V(;vy) is the strain rate
tensor. We will refer to these operations on the setting
velocity as the setting spin and setting strain rate.

To related the terms in (102) and (103) back to the rigid
frame equation (98), we make a small modification, adding

OThis is readily found using the Hodge star operator (-) of the
exterior calculus:

S
VxV=(xdV)F=e' 2 e (ViVi = ViVy) = e 65V Vig

where dV? is the exterior derivative of the 1-form associated with <V by
the metric tensor. See, e.g., §4.2 of Marsden and Ratiu (1999), section
2.9 of Carroll (2004), section 36.5 of Needham (2021), or section 3c of
Lilly et al. (2024) for further details.
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and subtracting canceling terms, and the momentum equa-
tion (102) becomes

generalized Coriolis  augmented Coriolis

—| V= 2u,; vyl 2u,; VU
x
generalized centrifugal augmented centrifugal
0S; oo 0S; o
v, - =L\ vligyil |, - ZZL | ylqsd)
( st ) ot
generalized Euler—translational — augmented translational
_ oV _ﬁv[fq/i] — ﬁv(/r‘/i)
ar |, ot ot
1 .
+—F'. (105)
o

Recall that S is the vector that points from the origin of the
fixed frame to the origin of the moving setting. The appar-
ent forces become generalizations of the standard fictitious
forces—Coriolis, centrifugal, and Euler and translational
forces—all of which will be shown shortly to reduce to
their familiar forms for the case of rigid motion. While
this modification from (102) is neither unique nor neces-
sary for numerical implementation, it is useful in com-
paring the momentum equation in a moving setting to its
rigid-frame counterpart. The augmented versions of these
forces all vanish under the case of rigid motion because
they depend on the setting strain rate, but can contribute
important additional effects under a general setting veloc-
ity. As these augmented terms are unfamiliar in any case,

we combine them into the fantastical force, as

. . generalized centrifugal
generalized Coriolis

—_——

aui . i . i (SS] . i
EX+MJVJ'M = - 2Ltjvqu/] —((VJ—W)V[J(VJ
generalized Euler—translational
fantastical
Vil S oo T
- 2| vl _ oy + ) vUqd)
ot |, ot (2u;+;)
1 .
+—F". (106)
o

Furthermore, gathering the setting spin terms and strain
rate terms separately is convenient because, unlike the
Coriolis- and centrifugal-like terms, the fantastical force

differs in form between contravariant and covariant repre-
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sentations (Table 5).

generalized centrifugal
generalized Coriolis

ou : : ) 58
K WV =— V[V -V -S| V[V
ot |, ot
generalized Euler—translational
fantastical
0V 587 ; 1
- K SV + VIV +—F
ot 5t LK ( Yk) ol

107)

Table 5 presents (95) together with (106) and (107). The
form of the fantastical force depends on whether the mo-
mentum is represented by a contravariant velocity as in
(106) or a covariant velocity as in (107), because of (82)
and (83). This is a way of saying that the term “fantastical
force” does not refer to a physically real force field invari-
ant to our choice of coordinates; we should not expect it to,
given that it is an apparent force. “Fantastical” is simply a
description of the terms that happen to be proportional to
V(;V;) in a given setting.

e. Fantastical forces vanish under rigid motion

We now show that the fantastical forces vanish in the
special case of rigidly rotating and translating frames; the
fictitious forces are the minimal pieces of the general equa-
tion that reduce to the familiar terms for rigid transforma-
tions, and (106) and (107) recover (95) when the moving
setting does not deform. In that case, the setting velocity
components are, by equations (96) and (51),

88

Vi K zsifkgjrwﬁ, (108)
from which it follows immediately that
58 . .
7(’—? =k Qir = e - (Qxr). (109)

We choose the label ¥ here because rigid coordinate mo-
tion is generated by Killing vector fields, as shown in sec-
tion 4h. From (106) we see that the derivatives we need to
evaluate are under rigid motions just

Vgt = VUK = 097 (Qpry) = %6700 = £y,
vUK) =0,
K| 8%

0
e e I
ot |, or

ot (Ql Sk) .

X

X

(110)
The spatial derivatives of S' and Q; are zero. The partial
time derivative of r; when holding x fixed is zero: all of the
change in 97 /dt| is encapsulated in the change of the basis
vectors. Metrinilic and other properties from section 3b
and Table A1 are also used. Shifting of indices from upper

to lower position can occur later as the situation demands.
Importantly, the velocity gradient tensor is antisymmetric
in this case, which means that the fantastical force is zero
for rigid rotation and translation in (106) and (107).

We find the apparent force terms to be

—2u; VUK = —2u;e0Qp = € - (-2Q x u),
8Si\ i o
— L ligel — _ . k l\ .imj
( i )V K (sjng r )8 Q.
= (et -rta’) o
=e - [-Qx(Qx7)],

—(2u; +%K;) VUKD =0,
K| 6S; i y
-2 X yligeil = gk
ot ot & ot Tk 582

[ AR, &S
- dt ar )’

591‘ (52 Si

X

(111)
and we recover the rigid frame transformation (95). Under
arbitrary setting velocities V, these simplifications do not
occur.

The momentum equations summarized in Table 5 show
that both the Coriolis and centrifugal forces are closely
related to advection terms, the former arising from the
spin part of the advection of the setting velocity V by the
relative velocity w plus the spin part of the final term in
(82), and the latter resembling self-advection of the spin
portion of the setting velocity gradient, Q X r.

The fantastical force terms arise, by definition, only
when the setting velocity gradient tensor has a non-zero
symmetric part, which doesn’t occur under rigid rotation
and translation. The grouping of the terms in Table 5 is
useful for making the analogy to rigid frames, but it is by
no means the simplest.

f. Simplified expression of the deforming momentum equa-
tions

The deforming momentum equations can be written
more simply by exploiting symmetries to combine terms
into more familiar forms having intuitive geometric inter-
pretations. Complications arising from deformation be-
come implicit within a final equation that is at once gen-
eral and familiar. Combining two terms from (103) into a
gradient like so
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TaBLE 5. The momentum equation in symbolic and index forms. The first row shows the symbolic form in a rigid frame rotating with potentially
variable angular velocity  and translating with velocity d.S/dt. The second and third rows show the index form for a general moving, deforming
setting; u’ is the relative velocity in that setting. Terms in the indexed equations are grouped to reduce to the symbolic terms for a rigid frame. The
indexed equations are far more general because the moving coordinate system is not constrained to be rigid, but rather moves and deforms according
to the setting velocity field V = Vie;. Apart from the body forces F', the terms on the right-hand side are apparent forces that generalize those
encountered in the rigid case. When we choose the rigid setting velocity V = K = Q x 7+ d S/ dt, the lower rows reduce to the first. Additional

forces F' can be applied to the right-hand side.

Equation | Tendency  Advection Coriolis Centrifugal Euler & Translational Fantastical Forces
2
95) (%‘)R +(u-V)u= -2Qxu -QX(Qx7) —%xr—% +0 +$F
Buy, ) . o887 Vi 88/ ;
107 Tk IV =200V -V 22 v Sk 22y IV Vi -F
(107 ar |, Vi w ViV ((V 51 ) 1 Vil o |, or VU Vi + VIV Vi ok
ou’ : : R oS; : oVi OS; . - :
1 IV.-ut =—ou.vliail _[|qg. - ZZ\yliqgil _Z7 | _ T glgil _(oy. AvUaqd Ll
(106) ar |, +u/ Viu u; Vi (Vj o 4% o | o Vv (2u;+v;)vuy +p
—_VYiy, . v, . —YJ . Jj .
VIV Vi) + VIV Vi) = VIVVj + VIV V) oV :ek(‘w" +qu))
— ) . ot ot
_(IV ViV, x g * (116)
i i —e | —— i v (i)
=§((V1Vk(Vj+(Vij(Vj) —e,( ER x+V O +2V; VYUY )
1 .
= sz (Viv7), A natural grouping of terms appears in Table 6, where the

(112)
we see that the quantity V7 (V(;Vi) — V[ V) in the co-
variant representation can always be written as minus the
gradient of a generalized setting potential

_(qu/j
o=——.
2
In the case of rigid rotation V = Q X r about the origin,

(113)

(113) reproduces the standard centrifugal potential—see
for example Vallis (2017) (2.14). Equation (103) becomes

0 . : 0V 1
Tk +u]Vjuk:—2u]V[j(Vk]—Vk(I)——k + —Fy.
x gt |, p

(114)

Raising the index and moving apparent forces to the right-
hand side gives
V!

+u;Vu' = —2u; VUV Vi) =

out

= (115)

X X

L |
—2u; VUV 4 —F'.
P

The non-Coriolis apparent forces in both equations sum to
the tendency of V, that is, we have

entries in each column are related by index raising and low-
ering. This form shows most clearly the the difference in
fantastical force terms between the two representations of
the momentum equation comes from raising and lowering
the indices on w and V through the partial time derivative,
which is not metric compatible and introduces fantastical
force terms via equation (90) for non-rigid settings.

Equation (114) is the simplest form of the generalized
momentum equation. Term-by-term it looks similar to the
form we are used to from the rotating frame, but it has been
carefully constructed to include the effects of arbitrary set-
ting deformation. Note that the covariant expression of the
momentum equation is simplest; a full explanation of this
is out of scope, but the geometric mechanics literature pro-
vides insight (Holm et al. 1998). This asymmetry between
the covariant and contravariant representations appears in
earlier work from the continuum mechanics literature fol-
lowing the work of Oldroyd (1950), whose lower-convected
and upper-convected derivatives characterize Oldroyd A
fluids and Oldroyd B fluids, discussed in Hinch and Harlen
(2021).

g. Contravariant versus covariant representations

Our discussion of the fantastical forces has repeat-
edly mentioned that the momentum equation in a moving
setting—but not the resulting dynamics—depends upon
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TaBLE 6. The covariant and contravariant versions of the momentum equation (114) and (115), organized so that the terms in each column are
related by index raising or lowering. This shows that the differences between the covariant and contravariant representations of the momentum
equation result when we pass the metric components through the partial time derivative to raise the index.

Equation | Tendency/Fantastical Advection Coriolis Setting Potential ~Setting Tendency/Fantastical ~ Forces
uy : ; Vi 1

114 — +u! Vi = =2u!/V; Vg -V ® - — +—Fp

(114) or |, jUk 1j Vk] k ar |, P k

out o ) R o . oOVi o 1 .

(115) +2u, VYD 4Vt = vl -Vio - -2V, v Ll
|, or |, e

the choice of a contravariant or covariant representation of
momentum. To see this another way, we borrow a concept
from continuum mechanics: the upper and lower convected
time derivatives, written respectively as

=2 (veu) (117)
d
ﬁ::i{—tf+w(V®v)T (118)

These derive ultimately from Oldroyd (1950), and give the
apparent rates of change of the vector w observed when
moving at the fluid velocity v. The triangles “v” and “A”
indicate the valence of the vector components to which the
partial time derivative is applied, the former applies when
measuring wi or w4, and the latter when measuring w; or
wg. This notation is strange because, though it presents
as an operation on a tensor w, its form depends on the
component representation of that tensor. Nonetheless, it is
common in continuum mechanics (e.g., Dimitrienko 2011;
Hinch and Harlen 2021). See Appendix B for an explicit,
component-wise definition of these derivatives applicable
to arbitrary tensor fields. Rearranging, we can write

dw

W=zvu+w(V®v) (119)
‘;—1:’ —w-w(Veuv)! (120)

Because these derivatives deal particularly with convected
coordinates (which we would call advected or Lagrangian
coordinates), we must make the particular choice V = v.
When these operators are applied to the local veloc-
ity w, this presentation shows clearly that, depending on
which set of components we measure, there are two possi-
ble partitionings of the material acceleration du/dt into an
apparent local rate of change—the first terms on the right
hand side—and apparent forces, the negative of the second
term. This choice is arbitrary, and does not affect the actual
dynamics. The apparent forces are the same if and only
if the transformation is rigid, that is, the gradient tensor

of the setting velocity V ® v is everywhere antisymmet-
ric. This is why we distinguish the fictitious forces (which
are constructed from only the setting spin part) from the
fantastical forces (which are constructed from the setting
strain rate and divergence) as shown in Table 5.

The apparent forces arising in rigidly moving frames,
being independent of the valence of the tensor’s represen-
tation, are of a different nature than those which arise more
generally in the presence of deformation. To understand
this, consider that a moving observer will feel their to-
tal acceleration dv/dt, and will not be able to viscerally
distinguish between its various components. An observer
standing in a rotating room, however, feels an outward ac-
celeration, takes note of the fact that they are not in motion
relative to the room, and infers the presence of a force
acting outwards. In this way apparent forces are inferred
from felt accelerations and measured motion together. The
above resultimplies that when the setting is not rigid, the in-
ference of apparent forces from felt accelerations no longer
has a unique result. See Appendix C for a worked example
showing how the apparent forces appear in an expanding
coordinate system. Their character is indeed quite different
between the covariant and contravariant representations.

6. Applications of the intrinsic derivative to the vortic-
ity equation

a. The Cauchy vorticity formula

The intrinsic derivative provides a straightforward,
concise derivation of Cauchy’s frozen-in vorticity result
(Cauchy 1816) from the evolution of the vorticity per unit
density as it appears in Aris (1962) equation (4.5.5):

w
v

(20

in a fixed frame where a is the acceleration (that is, force
per unit mass). If we take the barotropic, conservative case
where V xa = V X F'/p =0 and convert to index notation
this becomes

4
dt

w

(121)

1
)v+—V><a
Jo
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In any moving setting, the equation is just the same—this
is precisely the point of the intrinsic derivative:

§ (o I
_(2)=w_w
or\p p

In the Lagrangian setting we have V = v and u = 0. Along
with equation (82) this gives

)

That is, the Lagrangian components of vorticity per unit
density do not change for a given fluid parcel. This resultis
usually expressed in terms of the Jacobian transformation
between the Eulerian and Lagrangian settings, for example
in Frisch and Villone (2014) equations (9) and (10). Here,
by contrast, we avoid explicit manipulation of Jacobians
because the kinematic relationship of the fixed and La-
grangian settings is built into the definition of the intrinsic
derivative.

(123)

0

- (124)

b. Lamb form and the vorticity equation

We now derive the vorticity equation directly, using the
Lamb form of the momentum equation as a stepping stone.
Applying the same property from (112) again to the appar-
ent velocity gradient, we can rewrite A jUL as

w'Vjuy = EVk(ujuJ)+2uJV[juk] (125)

and (114) becomes

avk

. 1 : o1
+2u!'Vjvi) = —EVk(uju] -ViV)+ ;Fk.

(126)
which is the Lamb form of the momentum equation, so
called because the second term on the right-hand side of
(125) are minus the covariant components of the Lamb vec-
tor u X (V xu) (Lamb 1895). 2V ;v are the components
of the the vorticity 2-form w

X

(127)

This is twice the spin tensor of Itskov (2015). Note that the
form (126) of the momentum equation is expressed entirely

in terms of differential forms’. Readers may be more

wjk =2V;vig

7A differential form is simply an entirely antisymmetric, covariant
tensor. It is common to denote these with lower-case Greek letters as
the base symbol. Because the antisymmetry is understood, the brackets
are omitted. Forms are a proper subset of general tensors that allow
pleasantly geometric expressions of physical equations, and they have
their own self-contained calculus—the exterior calculus of differential
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familiar with the vorticity vector w =V X v = w'e;; these
two objects can be placed into one-to-one correspondence
by applying the Hodge star operator and then raising the
index3:

ijk i
eMwir=w

> (128)

—> Wik =€&j kiw’ N
The decomposition v = u + V lets us break the total vor-

ticity into the setting and relative vorticities

(129)

{ik =2Vury  and  fir =2V [V,

and a similar decomposition exists for the vorticity vector.
Given rigid planetary rotation V = QX r about the origin,
the setting vorticity is the planetary vorticity.

Having packed as much as we can inside the gradient
on the right-hand side of (126), we can derive the vorticity
equation in the usual way by taking the curl of both sides. It
is helpful to note that, due to the antisymmetry of the Levi-
Civita tensor and the symmetry of the Christoffel symbol,
we may render the curl as either ¥V, or £*9,. With
the help of (128) and Table A2 we arrive at

9
ot

and using (82) this is equivalent to

+ Lu) W' = -0 VK + l(V xF)\  (130)
P

X

St

. ) 1 ]
— =WV =W VR + (VX F), (131)
P

ot

which is the standard form of the vorticity equation for
a compressible fluid, for example in Kundu et al. (2016)
(5.13) or Thorne and Blandford (2017) (14.5).

c¢. The Cauchy vorticity formula, again

We now revisit Cauchy’s frozen-in vorticity result, this
time deriving it directly from (130). For an inviscid,
barotropic fluid we have V X F' = 0. In the Lagrangian
setting V = v and u = 0, so the vorticity equation be-
comes

oo!
ot

X

= —0'Vivk, (132)

the continuity equation is

forms. See Needham (2021) Part 5 for a particularly good exposition of
this topic and its great utility in physics.

8Readers familiar with the calculus of forms might prefer the index-
free version of equation (128): (*w)f =w > w=%*(w")
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= —pVivk, (133)

and therefore we have

O] (YL, 8| e
o) \p |~ o2 \P Tar |, at |,
i~ pwi 134
_pw 2pw vk (134)
P
=0

Once again we have recovered this result in only a few
lines of algebra.

7. Discussion and Conclusions

In this paper, we have developed a tensor-based frame-
work for describing geophysical fluid dynamics in gen-
eral, deforming coordinate systems. Beginning from first
principles in tensor analysis, we introduced a generalized
intrinsic material derivative that captures the evolution of
tensor components in curvilinear bases that vary arbitrar-
ily, but continuously, in space and time. This derivative
ensures consistency across covariant and contravariant rep-
resentations and across inertial and non-inertial frames,
providing a unified treatment of the fundamental building
blocks of GFD.

The generalized intrinsic time derivative §/8¢]¥, taking
its most general form in equation (84), allows us to cal-
culate the total derivative of arbitrary, space-time depen-
dent tensor fields along any parameterized path y(f)—an
integral path through an arbitrary vector field g—in co-
ordinates being deformed by an arbitrary vector field V.
If we set V' = 0, the generalized derivative reduces to the
intrinsic time derivative discussed by Grinfeld (2013) and
Aris (1962). The only constraint on V is that it generate
an invertible, continuously differentiable transformation of
the moving coordinates x'—that is, that it generate a diffeo-
morphism on Euclidean space. In the particular case where
q = v, the fluid velocity, the intrinsic derivative reduces to
the intrinsic material derivative §/6t.

All coordinate systems—all settings—typically used in
GFD are a diffeomorphism away from an inertial, Carte-
sian frame. These include rotating, accelerating, neutral
buoyancy, terrain-following, pressure, tracer, Lagrangian,
and generalized vertical coordinates. Taking into account
the implications of such a coordinate transformation, we
have found the general form for the apparent forces that cor-
rect for the non-inertial aspects of these coordinate systems
without approximation.

We applied this generalized intrinsic derivative and de-
rived explicit expressions for all apparent accelerations

arising in GFD settings. These include the familiar fic-
titious forces—Coriolis, centrifugal, translational, and Eu-
ler forces—as well as the additional family of terms that
arise when the coordinate system is deforming, which we
have termed the fantastical forces. Unlike fictitious forces,
the fantastical forces depend on the symmetric part of the
setting-velocity gradient and therefore vanish only when
the setting velocity is a Killing vector field, that is, for dif-
feomorphisms connecting rigid frames. Their dependence
on tensor valence highlights that deformation introduces
qualitatively new geometric structure into the apparent dy-
namics.

We further developed these general equations to pack the
fantastical contributions into geometrically legible quanti-
ties: the generalized Coriolis force and the tendency of
the setting velocity V. A part of the latter is always con-
servative, and we can calculate it as the negative gradient
of the setting potential ®@. Finally we derive the vorticity
equation, and show that its representation in terms of the
intrinsic derivative recovers Cauchy’s vorticity formula in
just a few lines.

Our results clarify the relationship between classical
rotating-frame dynamics and their fully general counter-
parts, showing that the standard GFD equations emerge as
a special case of a broader tensorial formulation. By ex-
pressing all results using index notation, we provide equa-
tions that can be directly translated into numerical model
implementations, particularly those with vertical remap-
ping, adaptive, or arbitrarily Lagrangian-Eulerian (ALE)
coordinate systems.

The following statements are all logically equivalent:

1. The moving setting x is a rigid frame,

2. V ® V is antisymmetric,

3. Lygij=0
ogij
4. =5 =0,

X

5. Vs a Killing vector field,

6. Oldroyd’s upper and lower convected derivatives are
equivalent,

7. The fantastical forces are zero.

In many GFD settings, these statements do not apply, and
thus nonzero fantastical forces will arise. Although they
may be small, they preserve exact symmetries and conser-
vation laws under all coordinate changes.

The framework developed here lays the mathematical
foundation for companion papers of this series, which
will: extend these ideas to the full oceanic primitive equa-
tions including coordinate-agnostic specifications of com-
mon parameterizations and approximations; specify met-
ric coefficients of common coordinate systems for GFD;



determine coordinate-independent averaging and coarse-
graining operators; provide an asymptotic scaling for the
fantastical forces; and derive budgets for common higher-
order invariants (potential vorticity, energy). Together,
these works aim to establish a unified, tensorial approach
for next-generation ocean models, enabling more accurate
representations of the physics of rotating, stratified flows
in complex, time-varying geometries.
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APPENDIX A

The metrinilic property for Jacobians

All the calculations here take place at fixed time, so
for this purpose y“ and x' simply represent two curvilin-
ear coordinate systems; rules proven here hold for objects
indexed in either {a, b,c} or {i, j, k}. Tensor derivatives—
that is, derivatives that act on tensor components to produce
tensor components—should null out the Jacobian coeffi-
cients. Any such derivative D by definition has the prop-
erty that J¢ D (w') = D(w®). This is the transformation law
for tensor components, and is equivalent to the statement
D(J{)=0:

D(w*)=D(Jw") =J*D(w"). (A1)
In this section we show explicitly that both the covariant
and Lie derivatives have this property. First we note that the
basis vectors e; are in fact covariant components of a tensor
as the notation suggests: by the chain rule they transform
according to the tensor transformation law e, = J e;, see
equation (27). More generally, a second order tensor A
has components A*/ so that
A=AVe;0ej=e,®@AVe;j=e;0 A’ (A2)
defining the covariant vector components A’ of A, which
by similar reasoning has covariant vector components A;.?

9We can see that these obey the tensor transformation law:
AC=Ae, = JPA J]e; =P AV e = JP AT (A3)

which makes use of the chain rule relation (27).
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By the same reasoning we can now see that the basis vectors
e' and e; are the contravariant and covariant components
of the identity I because I = 6}ei ® e/, analogous to the
final equality of (A2).

I=65-e,-®ej =e;®€ (A4)
Now we can be confident that applying index-based tensor
derivatives to the basis vectors is well-defined

a. The covariant derivative

We find that

Viei=0die; T e =T" e, —T" e =0. (AS)
where we have used equation (4) in passing from the sec-
ond expression to the third. This not coincidence—the
covariant derivative and Christoffel symbols are defined
precisely to have this property. This means that we can
freely write V;a = 0;a, and we can now show that the
covariant derivative satisfies the product rule across dot
products of vectors:

Vi(a-b)=V;(a;b’)
= ajV,-bj + ijl-aj

. ) (A6)
= a-ejVibJ +b~€JViClj
:a-Vib+Via~b.
We also have
Viea=J7Ve,=0 (A7)
and therefore
Vijl = Vj(eioea) = Vjei~ea +eiijea =0 (A8)

as expected, and analogous reasoning holds for V;J¢.

b. The Lie derivative

Recalling that we can define the Lie derivative in terms
of the covariant derivative, and that the Lie derivative on
invariant fields is simply the directional derivative Lo, f =
ViV, f, we find that that it also satisfies the product rule
over the dot product:

Ly(a-b) =Ly (a;b))
=a; Lyb’ +b) Lya;
= a; (VEVib - pEvevT)
+b7 (VEViay + %57
= a'ej(Vkabj+b~ej(Vkaaj
=a - VVib+b-ViVia
=a-.£rvb+.£rva-b

(A9)
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Further, we can calculate

Lye' = (V"'Vjei - ejvj(vi = _ejvj(vi (A10)
Lye,=VPVpe,+e,V, VP =€, V, V? (AlD)
so therefore
,L(V.lé = L(V(ei . ea)
=Lye e, +e - Lye,
=—e,- ejVj(Vi +e eV, VP
= —J(JIVJ'(Vl + Jll,va(vb
= -V, VI +V, Vi
=0

as expected, and once again analogous reasoning holds
for Lq,J{. Derivatives of all useful metric-related objects
can be calculated using this strategy of decomposing com-
ponents of identity into dot products of basis vectors and
applying the product rule. The results of all such calcu-
lations are compiled in Table Al1. The same derivatives
of the components of the Levi-Civita tensor appear in Ta-
ble A2. Space-time derivative commutators as applied to
vector components appear in Table A3.

APPENDIX B

Oldroyd and the Intrinsic Time Derivative

The generalized intrinsic derivative lets us easily de-
rive the expression for the convected derivative of Oldroyd
(1950). Oldroyd is concerned with materially advected
coordinates, and so in the following we choose the specific
V = v. In the spirit of the rest of this paper, we prefer his
original, indicial definition. This definition is preferable
also because it makes clear that the upper and lower con-
vected derivatives are not, in fact, two different derivatives
of tensors, but the same derivative applied respectively
to contravariant and covariant tensor components, in pre-
cisely the same sense as the Lie derivative or the covariant
derivative. For brevity’s sake, we show the derivation
for the derivative as applied to vector components, how-
ever it generalizes immediately to tensors of any order.
As described in the paragraph preceding Oldroyd’s equa-
tion (23), the convected derivative of a vector w = w'e;
is nothing but the vector with components dw'/dt|, in
the moving setting. The question is: what are the inertial
frame components of this vector? We treat these as tensor
components by assumption, and so they transform with the
Jacobian:

we ow'
ot ot |,
ow't ) .
=J7 (6_M; VW + Lw?
(B1)
owe .
= —vVw® + L,ywe
ot
6 a
- v + L,we.
ot y

And there we have it—we have recovered Oldroyd’s equa-
tion (23)!0. In operator form, the convected derivative is
therefore

o (E—Vv+£v) (B2)

o \or

and this can be applied either to inertial frame components:

ow? o . 0
Y S A R
bt (6t Vet L )W (0t

+ L,,) w? (B3)

y
or to moving setting components:

ow'

o _ (— ~v Vg +£v) wi= —— (B4)

) ot
Later, coordinate-free definitions of the convected deriva-
tive, for example in Hinch and Harlen (2021), are odd
because, though superficially coordinate-free, they never-
theless depend on the valence of the underlying tensor
components. The “upper convected” and “lower con-
vected” derivatives can respectively be written in terms
of Oldroyd’s component-wise derivative d/dz like so:

X

v pw? B aw!
w—ea?—eiv (BS)
w=e Wa _ ei%

ot bt

Notice the similarity in form here to equations (62) and
(77). These two quantities are not equal because the Lie
derivative, and therefore also Oldroyd’s, acts on the metric
coeflicients to produce a non-zero tensor:

bgub
)2

and therefore does not commute with index juggling. We
find that

= Lygab =2V (aVp) (B6)

W—w = 2e“ WPV vy = €W’ Logap, (B7)

10His formulation includes extra terms to handle the differentiation of
tensor densities, all of which are zero for tensors.
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TaBLE Al. A table of derivatives of the various components of the identity I. Each can be derived by representing components of I as dot products
of basis vectors, themselves vector-valued tensor components, and applying the product rule.

Derivative | 6% & 8ij 8ab e; el e, et Ji Je
Ok 0 0 2,0 2Wapedi ey —elT, eyt ¢ —ePre, Ji  JL.Jg JG,
e I ) o T A L Jie Ja gk
2. |0 0 2V4Vy  VOegar ViV -eIV;V e, VP -elT4, Ve —Jio. VP JPo, Ve
2l |0 0 2gu0,)VE 0 e 0V —eld;V 0 0 S G
Vi o o 0 0 0 0 0 0 0 0
Ve o o 0 0 0 0 0 0 0 0
Ly [0 0 29V 2V ViV —elV; VI ey VP —ebV, v 0 0
2 o o 0 0 0 0 0 0 0 0
< 0 0 0 0 0 0 0 0 0 0

St

TaBLE A2. A table of derivatives of the various components of the Levi-Civita tensor €. These can be calculated with the help of Grinfeld (2013)
equations (9.63)-(9.67) laying out derivatives of the metric determinant g.

Derivative Eijk glik Eabe gabe

o sijl™, ., —8”"F’”’m€ sabcl“ffdlt‘,i —Eabcl“ffth‘,i
da [ L N P
2l | Ep V=S,V el Ve —gaber? | vd
| sgdm v sk o v 0 0

\Z \ 0 0 0 0

Va \ 0 0 0 0

Ly | ik Vm V™ = N,V e VeV —gtbev S
2 0 0 0 0

2 \ 0 0 0 0

so these derivatives coincide if and only if v is a Killing
field, which would correspond physically to a rigidly trans-
lating and rotating fluid — a restrictive constraint indeed.
We have shown, for the particular case V = v, that the
intrinsic derivative and Oldroyd’s derivative encode similar
information about time-varying tensors, but they are nearly
opposite in character. Oldroyd’s derivative begins with the
components Ow'0t|, and asserts that, when transformed as
tensor components, these look a certain way in the y¢ coor-
dinates. The convected derivative is therefore constructed

to produce the second form from the first, and, for vec-
tor fields, produces the components of dw/dt|, + [v, w].
Brackets indicate the commutator operation.

In contrast, the intrinsic derivative begins with the tensor
field dw/dt, and asks: what are the components of this in
each of the bases e; and e'? The derivative is therefore
constructed to act on either set of components w! or wi
and produce the components of dw/dt in the relevant
basis. We prefer this latter conceptual framing because the
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TaBLE A3. A table of derivative commutators. The commutator is
understood to be applied to the relevant components of the tensor in each
column.

Commutator wi
[%Lavjl wkV Vi
[£Lv. V)] whkv, v pi
[25.v] | —(V;¢5) (Vaw?)
[2.V] | —(Vv5) (Vew?)
gl | o
atly’
PRI
atly>
[Lv,V5b] WEV.Vp V4
[2%.V] | =(Vbq®) (Vew?)
[%’Vb] —(Vpv)(Vew?)

relevant coordinate-free field dw/dt is easier to interpret
than dw/ot|, + [v, w].

APPENDIX C

Worked Example: Vertical Expansion

Define the coordinates

X X
ve=| y X' =y (CI)
z({,1) {(z1)
giving us Jacobians
. 1o o . [t o o
J=Gs=lo 10 J=gi=lo 10
00 & 00 9

9z
(C2)
and setting velocity

[0 ] 0
q/azy = 0 i Jia = 0
o lx || “ 9% oz
ot ¢ ] z Otlg
0 0
Vy=gapV?=| 0 V=V, J¢ = 0
Oz ﬁ@|
L 0t Iz | 9L otlg
(C3)

where g, = 045 because the Y frame is Cartesian. This
also lets us simplify the gradient tensor

0 0 0
VoVa=08,V,=[0 0 0 (C4)
0 0 3%,
where a indexes rows and b columns. Then
ViV =J2 IV (C5)
(1 0 0][0 O 0 1 0 O
=10 1 0|0 O 0 01 O
Il o 0 Il
0 0 20 0 Z [0 0 g
(0 0 0
_{0 0 0
2
Jé) Jd a
00 (f) ﬁ_zr?_f';
SO
ViV =YV V=0 (C6)

and the Coriolis and centrifugal-like forces are identically
zero. The fantastical force is

0 0 0 0
VIV vy =0 ° )’ 0 €7
0 0 (&) 2 ||5%%
8, ) 9z drig| Loz orlg
0
- 0
9z 8 (8 4
9 5z ( 6_§|,:) H_ﬂg
and the setting tendency force is
oV, 0
ar |x _q(ﬁﬁw
otlx \a¢ otlg

a. A simple, non-trivial choice

Choose
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I3
1+T

(an=21+7) 2= (C9)

for some timescale 7' so that { = z when ¢ = 0. Then

0z 1 oc t
= = —=1+= C10
0l 1+% 07 T (C10)
9z - -z
i = Cl1
otl, T(l+%5)* T(+7) (C1h
10 0 1 0 0
JP=10 1 0 Ji=10 1 0
0 0 1/(1+%) 00 1+4
(C12)
0 0
ve=1 0 Vo=| O (C13)
— e
T(1+7) T(I+L4
0 0 0 0
yi=|o|=| O V= 0 = 0
z - -z -7
T T(1+5) T(1+5)2 T(+L)3
(C14)
0 0 0 0 0 0
v, V,=|0 0 0 veya—10 0 0
-1 —1
0 0 7mp] 00 7 |
(C15)
00 0 00 0 ]
V;V,=10 0 0 viyi=|0 0 0
-1 s
00 T(1+5)3 ] 0 0 —(HTT)_
(C16)

Because the gradient tensor is symmetric, there are no
Coriolis-like or centrifugal-like forces, and V/V;V;) =
—V;® for the setting potential:

1 1 ¢\
O=—-VV' =—|—""=]| . C17
2! 2(T(1+%)2) 1
The conservative part of the apparent force is then
0
-V;® = ? , (C18)
T2(1+ L)%
the setting tendency force is
oV, 0
LY 0 , (C19)
ot |x -3¢
TZ(1+L)3

and the total apparent force for covariant components is
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0
d oV,
_9v e = V,-(D—l = 0 (C20)
ot |y ot |y 20
T2(1+ L)

In contravariant components, the apparent force will have
a piece dependent on the fluid velocity, which we define to
be

Vx Vx

Va = [Vy Vi = “’}y (CZI)
Z
Vz 1+4

Recognizing that 2u + V = 2v — V, the total apparent force
is

V!

~(2v; = V)VUYD) - —— (C22)
X
0 0 0 2vy 0 0
~l0 0o o 2y |+ ? _ ?
1+ Vz S S
0 0 (+TT) L] Ta+L)3 T2(1+L)2
[0
=10
2v,
LT

There is a notable contrast between the character of the
apparent forces in this example as they appear in covariant
components (C20) and contravariant components (C22):
the former depend entirely on the absolute motion V' of
the coordinates, while the latter are proportional to the
absolute motion v of the fluid.
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