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Ocean Mixed Layer

VI. ML Eddies Interact with Mesoscale and Mixing

Snapshot of temperature from

a channel flow in x-direction

with buoyancy restored near

sidewalls at y=0 and 200km

to create a current subject to

mesoscale baroclinic instabil-

ity. A no-net diurnal cycle

of heating/cooling at the sur-

face maintains a 100m-deep

surface mixed layer by nightly

convection. The interior flow

shows a rich mesoscale eddy

field (bottom panel). In the

ML, MLI form along the fronts

caused by the straining of

surface temperature gradients

from the mesoscale eddies be-

low (upper 2 panels). After

nightly mixing and frontogen-

esis, the MLI rapidly restratify

the ML.

VI. Strong ML Eddies in Observations
Munk and Armi (2001) have recently noted the ubiquity of O(1-10 km) spirals of surfactant on the ocean

surface. These spirals have a preferentially cyclonic rotation, and are often seen after long periods of hot

weather. We note that the preferentially-cyclonic eddies formed by MLI in our nonlinear Rossby adjust-

ment share these features, and share the preference for cyclonic rotation to a realistic degree (see figure

below). Ultimately, this can be attributed to the conservation of initially-vanishing potential vorticity.
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Probability density function of relative vorticity divided by Coriolis parameter. (a) The

numerical simulation at day 25, and (b) ADCP measurements in the North Pacific (Rudnick,
2001).

VI. Conclusions

• MLI are ubiquitous in MLI-permitted models and observations with lateral variations in ML density.
• They are small in scale O(1-10km) and fast-growing O(≤ 1 day).
• They are ageostrophic and are limited to wavelengths near the ML Rossby radius.
• They do a large share of the restratification for Ri>1.
• They are parameterizable via a Gent and McWilliams diffusivity O(10− 100 m2/s) .
• Look for Boccaletti et al. (2005)!
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IV. Development of Mixed Layer Eddies
Finite-amplitude, nonlinear aspects of MLI development allow the direct study of eddy mixing and

restratification rates that may be utilized in parameterizations. We consider the Rossby adjustment of

initially-vertical density surfaces in a 200m×25km×50km channel (representing a section of the ML

after the passage of a storm or isolated convective event):

Snapshots of Rossby adjustment and instability. Total density difference: 0.008 kg/m3.

Initially, the density surfaces drop gravitationally into an inertial oscillation about the state where

ρzf/ρ2
y ≈ Ri ≈ 1. This stage of the adjustment is detailed by Tandon and Garrett (1994) and Ou (1984).

The first two snapshots show the range of this oscillation in our simulation.

However, this oscillating state is not stable to MLI. Initially they grow as Eady (1949)-like waves much

as predicted by the preceding analysis and with the ageostrophic growth rates due to Stone (1971).

Day 8.5 above shows these waves nicely. The waves extract available potential energy from the mean

stratification and drive a slumping/restratification of the initial front.

The restratification is enhanced as the waves reach finite amplitude and begin to nonlinearly interact

strongly. The fully nonlinear waves are shown at day 25 above. Note that their length-scale has increased

dramatically, as expected from an inverse energy cascade.

The following figure shows the restratification process for a weak front (0.1K/10km) and a strong front

(0.5K/10km). Note the initial inertial oscillations and the significantly stronger restratification that

occurs as the MLI develop. The effect of restratification by MLI may be parameterized by a Gent

and McWilliams (1990) parameterization. However unlike in the ocean interior where a diffusivity of

O(1000 m2/s) is appropriate, we see that for MLI, O(10-100 m2/s) is better. Previous attempts to use
Gent and McWilliams (1990) too rapidly restratified the ML, but they used interior values of Gent-

McWilliams diffusivity rather than MLI diffusivity values. Still, the implied magnitude of MLI’s verti-

cal eddy heat flux is significant compared to other mixed layer processes (e.g., diurnal-average surface

fluxes and entrainment O(100)W/m2).

Eddy statistics from two nonlinear calculations with different initial front strength.

I. Abstract
We study the restratification of the oceanic surface mixed layer that results from lateral inhomogeneities
in the surface density field. Mixed layer models are quite successful at reproducing the deepening of
the mixed layer, but the restratification phase is not as well understood and model bias is especially
large when there are horizontal variations in the density field. These lateral inhomogeneities give way
to ageostrophic baroclinic instabilities which slump the horizontal density gradients under the effect of
rotation. These mixed-layer instabilities (MLI) differ from ocean interior instabilities because of the
weak surface stratification, and the fact that their lower ’boundary’ is a density jump in the transition
layer between the mixed layer and the ocean interior. Spatial scales are 0(1-10) km and growth rates are
faster than a day. We use both linear stability analysis and fully nonlinear simulations to study the impact
of MLI on mixed layer restratification. Finally we discuss the issue of parameterization of MLI-driven
restratification in mixed layer models.

II. Ocean Mixed Layer
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Potential density section from

towing a CTD following a saw-

tooth pattern in the Subtropical

Gyre of the North Pacific be-

tween 25N and 35N at 140W.

(Ferrari and Rudnick, 2000).

The ocean mixed layer (ML) is a layer of weak stratification in the upper 100 m overlying the more

stratified thermocline. The ML is not horizontally homogeneous: there are numerous lateral density

gradients. ADCP measurements collected during the same campaign confirm that the lateral density

gradients are in geostrophic balance with a sheared velocity Uz as schematized here.

III. Mesoscale vs. Mixed Layer Instabilites
The linear instability of the upper 1000m of

the ocean water column: a 200m deep ML

with N ≈ 4 × 10−4s−1, Uz = 2 × 10−4s−1,

and Ri= 3.6 sits on a 800m thermocline with

N ≈ 4× 10−3s−1, Uz = 2× 10−4s−1 and Ri =
360. For comparison, shown in red is the in-
stability of the 800m ocean interior alone with

a rigid lid replacing the ML. Also shown are

the inverse deformation radii and the fastest-

growing modes of the ML and interior (inset).

(solid = quasi-geostrophic, dashed = Stone

(1971) ageostrophic estimate).

The baroclinic instability of the upper ocean water column is dominated by two distinct modes: interior

instabilities with fastest-growing wavelengths close to the internal deformation radius (≈ 60km) and
mixed-layer instabilities (MLI) with growth peaking near the ML deformation radius (≈ 1.5km). The
former span the whole ocean depth. MLI are confined to the ML.

MLI and interior modes roughly agree with the Eady (1949) model. They possess exponential edge

waves trapped to the top and bottom of their domain. When these edge waves interact, linear instability

results. They both extract energy from horizontal density gradients, resulting in restratification.

The fastest-growing baroclinic instability is near the deformation radius: kML (for MLI) or kI .

O(1) =
k2

k2
def

=
1

L2
N2H2

f2 =
U2

f2L2
N2H2

U2 = Ro2Ri (1)

The interior ocean has large Ri, so interior instabilities have small Ro and are a quasi-geostrophic baro-

clinic instability (Eady, 1949). The MLI, on the other hand, occur where Ri=O(1), so have Ro=O(1),

and are an ageostrophic baroclinic instability (Stone, 1971).

Mixed layer instabilities (MLI) differ notably from those in the thermocline because of the weak strati-

fication and the presence of a moving interface at their base. A linearized ML dynamics that includes a

moving bottom boundary reveals that a tilting base provides a topographic-β-like effect and gives a low
wavenumber cutoff. Thus, the MLI occur only at wavelengths near the ML deformation radius.
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The Stratification of the Ocean Permits Two 
Classes of QG Baroclinic Instability: 

Mesoscale and SubMesoscale (in the Mixed Layer)42
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Figure 2: Buoyancy frequency N2 =−g!z/!0 and vertical shearUz = g!x/ f!0 estimated from the
133-130◦ W SeaSoar section shown in Fig. 1. The vertical gradients are computed across 8 m,

while the horizontal gradients are computed across 10 km. The profiles are extended to the ocean

bottom by matching the SeaSoar estimates in the upper 320 m with estimates based on Levitus

climatology for the rest of the water column. Details of the calculation are given in Appendix A.

43

! !"# $

!

#!!

$!!!

$#!!

%!!!

&'()*+,-.

/
.
(
+0
12
'
3

! !"# $

!

#!!

$!!!

$#!!

%!!!

&'()*+,-.

/
.
(
+0
12
'
3

$!
!4

$!
!#

$!
!5

$!
!6

$!
!%

!

!"%

!"5

!"4

!"7

8
9:
;
+0
1<
=
+.
12
-
=
>!
$
3

?=@.A,'B.912'
!$
3

Figure 3: Stability analysis of the mean shear shown in Fig. 2.The instability is dominated by

two distinct modes: an interior instability with wavelength close to the internal deformation radius

(approx60 km) and a mixed-layer instability (MLI) peaking at wavelength close to the ML defor-

mation radius (≈ 2 km). The interior instability has a spatial structure (upper left panel) spanning
the whole thermocline depth and represents the mesoscale restratification due to quasigeostrophic

baroclinic instability (Eady, 1949). TheMLI (upper left panel) is confined to the ML and represents

restratification due to ageostrophic instability within the ML (Stone, 1971).
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Figure 3: Stability analysis of the mean shear shown in Fig. 2.The instability is dominated by

two distinct modes: an interior instability with wavelength close to the internal deformation radius

(approx60 km) and a mixed-layer instability (MLI) peaking at wavelength close to the ML defor-

mation radius (≈ 2 km). The interior instability has a spatial structure (upper left panel) spanning
the whole thermocline depth and represents the mesoscale restratification due to quasigeostrophic

baroclinic instability (Eady, 1949). TheMLI (upper left panel) is confined to the ML and represents

restratification due to ageostrophic instability within the ML (Stone, 1971).
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Figure 3: Stability analysis of the mean shear shown in Fig. 2.The instability is dominated by

two distinct modes: an interior instability with wavelength close to the internal deformation radius

(approx60 km) and a mixed-layer instability (MLI) peaking at wavelength close to the ML defor-

mation radius (≈ 2 km). The interior instability has a spatial structure (upper left panel) spanning
the whole thermocline depth and represents the mesoscale restratification due to quasigeostrophic

baroclinic instability (Eady, 1949). TheMLI (upper left panel) is confined to the ML and represents

restratification due to ageostrophic instability within the ML (Stone, 1971).



Geostrophic and Ageostrophic Baroclinic Instability

VI. ML Eddies Interact with Mesoscale and Mixing

Snapshot of temperature from

a channel flow in x-direction

with buoyancy restored near

sidewalls at y=0 and 200km

to create a current subject to

mesoscale baroclinic instabil-

ity. A no-net diurnal cycle

of heating/cooling at the sur-

face maintains a 100m-deep

surface mixed layer by nightly

convection. The interior flow

shows a rich mesoscale eddy

field (bottom panel). In the

ML, MLI form along the fronts

caused by the straining of

surface temperature gradients

from the mesoscale eddies be-

low (upper 2 panels). After

nightly mixing and frontogen-

esis, the MLI rapidly restratify

the ML.

VI. Strong ML Eddies in Observations
Munk and Armi (2001) have recently noted the ubiquity of O(1-10 km) spirals of surfactant on the ocean

surface. These spirals have a preferentially cyclonic rotation, and are often seen after long periods of hot

weather. We note that the preferentially-cyclonic eddies formed by MLI in our nonlinear Rossby adjust-

ment share these features, and share the preference for cyclonic rotation to a realistic degree (see figure

below). Ultimately, this can be attributed to the conservation of initially-vanishing potential vorticity.
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Probability density function of relative vorticity divided by Coriolis parameter. (a) The

numerical simulation at day 25, and (b) ADCP measurements in the North Pacific (Rudnick,
2001).

VI. Conclusions

• MLI are ubiquitous in MLI-permitted models and observations with lateral variations in ML density.
• They are small in scale O(1-10km) and fast-growing O(≤ 1 day).
• They are ageostrophic and are limited to wavelengths near the ML Rossby radius.
• They do a large share of the restratification for Ri>1.
• They are parameterizable via a Gent and McWilliams diffusivity O(10− 100 m2/s) .
• Look for Boccaletti et al. (2005)!
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IV. Development of Mixed Layer Eddies
Finite-amplitude, nonlinear aspects of MLI development allow the direct study of eddy mixing and

restratification rates that may be utilized in parameterizations. We consider the Rossby adjustment of

initially-vertical density surfaces in a 200m×25km×50km channel (representing a section of the ML

after the passage of a storm or isolated convective event):

Snapshots of Rossby adjustment and instability. Total density difference: 0.008 kg/m3.

Initially, the density surfaces drop gravitationally into an inertial oscillation about the state where

ρzf/ρ2
y ≈ Ri ≈ 1. This stage of the adjustment is detailed by Tandon and Garrett (1994) and Ou (1984).

The first two snapshots show the range of this oscillation in our simulation.

However, this oscillating state is not stable to MLI. Initially they grow as Eady (1949)-like waves much

as predicted by the preceding analysis and with the ageostrophic growth rates due to Stone (1971).

Day 8.5 above shows these waves nicely. The waves extract available potential energy from the mean

stratification and drive a slumping/restratification of the initial front.

The restratification is enhanced as the waves reach finite amplitude and begin to nonlinearly interact

strongly. The fully nonlinear waves are shown at day 25 above. Note that their length-scale has increased

dramatically, as expected from an inverse energy cascade.

The following figure shows the restratification process for a weak front (0.1K/10km) and a strong front

(0.5K/10km). Note the initial inertial oscillations and the significantly stronger restratification that

occurs as the MLI develop. The effect of restratification by MLI may be parameterized by a Gent

and McWilliams (1990) parameterization. However unlike in the ocean interior where a diffusivity of

O(1000 m2/s) is appropriate, we see that for MLI, O(10-100 m2/s) is better. Previous attempts to use
Gent and McWilliams (1990) too rapidly restratified the ML, but they used interior values of Gent-

McWilliams diffusivity rather than MLI diffusivity values. Still, the implied magnitude of MLI’s verti-

cal eddy heat flux is significant compared to other mixed layer processes (e.g., diurnal-average surface

fluxes and entrainment O(100)W/m2).

Eddy statistics from two nonlinear calculations with different initial front strength.

I. Abstract
We study the restratification of the oceanic surface mixed layer that results from lateral inhomogeneities
in the surface density field. Mixed layer models are quite successful at reproducing the deepening of
the mixed layer, but the restratification phase is not as well understood and model bias is especially
large when there are horizontal variations in the density field. These lateral inhomogeneities give way
to ageostrophic baroclinic instabilities which slump the horizontal density gradients under the effect of
rotation. These mixed-layer instabilities (MLI) differ from ocean interior instabilities because of the
weak surface stratification, and the fact that their lower ’boundary’ is a density jump in the transition
layer between the mixed layer and the ocean interior. Spatial scales are 0(1-10) km and growth rates are
faster than a day. We use both linear stability analysis and fully nonlinear simulations to study the impact
of MLI on mixed layer restratification. Finally we discuss the issue of parameterization of MLI-driven
restratification in mixed layer models.

II. Ocean Mixed Layer
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Potential density section from

towing a CTD following a saw-

tooth pattern in the Subtropical

Gyre of the North Pacific be-

tween 25N and 35N at 140W.

(Ferrari and Rudnick, 2000).

The ocean mixed layer (ML) is a layer of weak stratification in the upper 100 m overlying the more

stratified thermocline. The ML is not horizontally homogeneous: there are numerous lateral density

gradients. ADCP measurements collected during the same campaign confirm that the lateral density

gradients are in geostrophic balance with a sheared velocity Uz as schematized here.

III. Mesoscale vs. Mixed Layer Instabilites
The linear instability of the upper 1000m of

the ocean water column: a 200m deep ML

with N ≈ 4 × 10−4s−1, Uz = 2 × 10−4s−1,

and Ri= 3.6 sits on a 800m thermocline with

N ≈ 4× 10−3s−1, Uz = 2× 10−4s−1 and Ri =
360. For comparison, shown in red is the in-
stability of the 800m ocean interior alone with

a rigid lid replacing the ML. Also shown are

the inverse deformation radii and the fastest-

growing modes of the ML and interior (inset).

(solid = quasi-geostrophic, dashed = Stone

(1971) ageostrophic estimate).

The baroclinic instability of the upper ocean water column is dominated by two distinct modes: interior

instabilities with fastest-growing wavelengths close to the internal deformation radius (≈ 60km) and
mixed-layer instabilities (MLI) with growth peaking near the ML deformation radius (≈ 1.5km). The
former span the whole ocean depth. MLI are confined to the ML.

MLI and interior modes roughly agree with the Eady (1949) model. They possess exponential edge

waves trapped to the top and bottom of their domain. When these edge waves interact, linear instability

results. They both extract energy from horizontal density gradients, resulting in restratification.

The fastest-growing baroclinic instability is near the deformation radius: kML (for MLI) or kI .

O(1) =
k2

k2
def

=
1

L2
N2H2

f2 =
U2

f2L2
N2H2

U2 = Ro2Ri (1)

The interior ocean has large Ri, so interior instabilities have small Ro and are a quasi-geostrophic baro-

clinic instability (Eady, 1949). The MLI, on the other hand, occur where Ri=O(1), so have Ro=O(1),

and are an ageostrophic baroclinic instability (Stone, 1971).

Mixed layer instabilities (MLI) differ notably from those in the thermocline because of the weak strati-

fication and the presence of a moving interface at their base. A linearized ML dynamics that includes a

moving bottom boundary reveals that a tilting base provides a topographic-β-like effect and gives a low
wavenumber cutoff. Thus, the MLI occur only at wavelengths near the ML deformation radius.
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Mesoscale and 
SubMesoscale 

are
Coupled 
Together:

ML Fronts are 
formed by 
Mesoscale 
Straining.

Submesoscale 
eddies remove 

APE from 
those fronts.



SubMesoscale Dominates Vertical Buoyancy Fluxes;

Mesoscale Dominates Horizontal Buoyancy Fluxes



Parameterize?  Why not Resolve?

2004 IPCC takes ~50% of GFDL’s computing 
(4 in the top 250: 6/03).

To make eddy-resolving IPCC forecasts with 
the same level of commitment and 

approach:

Fair Resolution of Ocean Interior Eddies 
(global 10-20km): 10×10×2×5×(flops) = 

1000×(cpu) ≈ 18yrs                           
By Then ≈ 0.5K Global Temp, 5cm Sea Level

Fair Resolution of Mixed Layer and Eddies 
(global 100m): 1000×1000×10×100×(flops) = 

1 billion×(cpu) ≈ 54yrs                       
By Then ≈ 1.5K Global Temp, 20cm Sea 

Level

Moore (1965) from Intel Website

IPCC 2001 Report



Conclusion Part I:
2 classes of Baroclinic Instability:   
Mesoscale and Submesoscale

Submesoscale instabilities are trapped in the 
mixed layer

Submesoscale instabilities have faster growth 
rates O(1/day) and smaller scales O(1 km).

Submesoscale dominates vertical flux,           
Mesoscale dominates horizontal flux

Mesoscale will soon be resolved in GCMs, 
submesoscale will not.
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Prototype: Mixed Layer 
Front Adjustment

Simple Adjustment Diurnal Cycle
and KPP Adjustment



Analysis:

Extraction of potential energy by SubMesoscale eddies:

Growing Baroclinic Instability Fluxes at 1/2 the slope; 
heuristically derived from maximal APE extraction.

This     is the usual eddy-induced streamfunction as in 
Andrews and McIntyre, Gent and McWilliams, Visbeck 
et al., Treguier et al., etc. 

2w′

h
b′ = −

u′

h
b′

bz

· ∇b = Ψ · ∇b

Ψ

∂[−zb]

∂t
= −[wb] ≈ −[w′b′]



Strongest Restratification Occurs with Finite 
Amplitude Eddies
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Finite Amplitude Eddies have cascaded in horizontal: Front Width
Finite Amplitude Eddies have cascaded in vertical: ML Depth

Finite Amplitude Eddy Fluxes are at close to 1/2 the isopycnal slope



Parameterize Fluxes?
We know how to parameterize horizontal 
fluxes using mixing length akin to Green:

Eddies are at lowest mode in the vertical; 
We assume same velocity shear as mean:

Since the fluxes are at 1/2 the slope

Ψ = κ
∇b

bz

= UeddyLmix
∇b

bz

Ueddy =

H∇b

|f |

Lmix

|∇b|

bz

= Lmix

2H

Lmix

= 2H



The Parameterization:
Thus, the Streamfunction:

The horizontal fluxes are downgradient:

Vertical fluxes at 1/2 the slope and always restratify:

The potential energy equation is closed using this form.

Ψ = Ceµ(z)
H2∇b

|f |

u′

H
b′ = −Ψbz = −Ceµ(z)

H2∇b

|f |
bz

w′b′ =
1

2
Ψ · ∇b =

Ceµ(z)H2|∇b|2

2|f |



It works for Prototype:

Closed Circles: No Diurnal
Open Circles: With Diurnal
Red: Didn’t restratify much



Impact:  Equivalent Vertical Heat 
Flux from Satellite SSHA



Observed:
Strongest Surface Eddies=

Spirals on the Sea?
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Figure 12: Probability density function of relative vorticity divided by Coriolis parameter. (a)

Results from the numerical simulation of a slumping horizontal density front. (z > 100 only to

exclude bottom Ekman layer.) The PDF is estimated using surface velocity measurements at day

25 (see also Fig. 11). A positive skewness appears as soon as the baroclinic instability enters in

the nonlinear stage, and it continues to grow. Note that the peak at !/ f = 0 is due to the model’s

initial resting condition; that fluid has not yet been contacted by the MLI. (b) Results from ADCP

measurements in the North Pacific. The PDF is calculated in bins of width 0.02.



Conclusion Part II:
Extraction of potential energy by SubMesoscale eddies:

They Flux at 1/2 the slope:

The Finite Amplitude horizontal flux scaling is via mixing 
length akin to Green (1970), assuming the gravest ML 
vertical mode.

Eddies’ Effect is restratification of ML after strong 
mixing with sizeable equivalent vertical heat fluxes.

w′b′ =
1

2
Ψ · ∇b =

Ceµ(z)H2|∇b|2

2|f |

∂[−zb]

∂t
= −[wb] ≈ −[w′b′]



Mixed Layer Eddies

Part I: Baroclinic Instabilities of the Ocean 
Interior and Mixed Layer

Part II:  Modeling and Parameterizing Mixed 
Layer Eddies

Part III: Implementing the Parameterization 
in the Hallberg Isopycnal Model



What about the 
Equator?

Our parameterization relies on geostrophic 
eddies at finite amplitude, which take 
infinitely long to grow at the equator.

One option: taper by matching Young (1994)

Parameterizing SMI with Resolved Fronts

Fox-Kemper et al., (previous session) find that in the limit of strong 
rotatation, the restratifying e!ect of mature SMI is well captured by 
parameterizing a downgradient overturning streamfunction within the 
mixed layer as:
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What about Coarse 
Resolution?

Observed buoyancy gradient spectrum gives:

Slope -2

|∇bfine|2

|∇bcoarse|2
≈

Lcoarse

Lfine



What about Coarse 
Resolution?

Modeled buoyancy gradient gives:
|∇bfine|2

|∇bcoarse|2
≈

Lcoarse

Lfine

Instantaneous Squared Mixed Layer Density 
Gradients

1/6° Resolution Southern Hemisphere “MESO” 
Simulation
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What about Coarse 
Resolution?

Modeled buoyancy gradient gives:
|∇bfine|2

|∇bcoarse|2
≈

Lcoarse

Lfine

South-central Pacific Zonal Mean Squared Mixed Layer Density 
Gradients
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So, putting into a model:

Taper at equator, easy with Young (1994), but 
other tapering would not be terribly 
different

Scale up resolved buoyancy gradient to 
buoyancy gradient appropriate for mixed 
layer eddies



SubMeso Restratification!
Mixed Layer Density Gradients and Mixing Layer Depth
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Mixed Layer Depth and 
Temperature Effects

Impact of Parameterization on Coupled Model
Mixed Layer Depth and Sea Surface Temperature

We do not yet have an expression for the frontal scale. This 1° model uses                    
giving:

Changes due to Parameterized Restratification in 2nd Pentad of GFDL’s HIM-based Coupled Model

The corresponding mixed layer TKE budget is:



Tentative: Improvement?
SST Changes due to Parameterization

Compared with Coupled Model SST Biases

50-year Mean SST Bias
In Coupled Model without Parameterization

SST Change Due to Parameterized Restratification
In Second Pentad of Coupled Model

Note: 5 years is too short for robust estimates
of the SST changes.

-10 -8 -6 -5 -4 -3 -2 -1 -0.5 0.5 1 2 3 4 5 6 8
 10 Temperature Anomalies (K)



Conclusions

Submesoscale Eddies naturally occur in 
typical ocean mixed layer stratification

They have been observed

They cannot be resolved, but their 
restratification can be parameterized

Doing so seems to improve mixed layer 
properties
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